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10 TNTRODUCTTON

Fieure r,? A doublc-lcorqiLrDcLi{rn $cmiconduolor tuser structun, shcE Lhc ccnrnt ciA6 ilgion
pruvidq boLh $o cdicr coDfircnEnL lnd oprioul confioeDcnt bccausc oi fic condlorion und vdlenco
bdnd pNlilcs rnd the Ei0otivc idcx lsnlc, Thi! double couRncmcnt enhancqs sLimulfied e$is$ions
nnd dc olrricd nrodrlgiirl,

The conxrcl of the mole lraclions of diffelEnt atoms also makes the band-gap
engineedng exL'emely exciting. For optical commu caLion sysl€ms, it has been
found drAt minjmum altenu io l l 9l in th€ silica optlcal libers occurs at 1 ,30 pm
.md l.55pm (Fig. l.8r). The dispe$ion of light at l.30pm is actually zero
(Fig. l.8b). It is thcrcfore raturrl to design sources such lts lighFemitting diodss
and laser diodes, senrioonductor modulalors. and photodeteclors opemtirg at tbese
desir€d wavelengths.ln ddilion, many wavelengths, orlhe so-called optical channels
tor dense wavelenglh-division multiplexirg (DWDM) applicarions, near l550nm
with constaDt ticquchcy spacnlg such as 50, 100, or 200CHz can bc uscd to take
ddvantage of lbe broad 24 THz fn quency b ndwidth near the minimum attenuation.
For example, by controllirg the mole fnction of gauium and indium in an
Inr-,Gar'{s nraterial, wide lunable range of band gap is possible because InAs
hns a 0.354 eV bnnd grp md G s has 1.424 eV band gap at room temperature.
The laltice coDstan! o[ tlrc ternarl alloy has a ]inear dependence on the mole fracrion

i

, , (A ,Bt ,c )=xa(A l )+ t  ia (BC)  (1 .3 .1 )
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compound BC. This linc inLerpolation lbrmula works very well for the latric€ con-
slant, but nol lor lhe brnd gap. Fof the band-gap dependence, a quadraiic dependence



I.] TI'IE FJELD OF OPTOELECTRONICS
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on fte mole linction -! is usually rcquircd (sec Appeodjces C and D on pages 801-809
for sone impo(ant nr teridl sysrcms)
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wherc , is cAlled lhe bowing p rmerer because it causes a deviation of the lernary
hrrd-gnp energy rlv.ry frun A lirear iolerpol ion oi the two band-gllP energies of
lhe binary compounds. FlgulE L9 plots the band-gap energy at ?:0K as a funclion
of the lallice conslnr)t lbr mauy binary and ternary compound semiconduclors [20].
Forexample, GaAs hrs r b Dd gap of 1.519 eV!tlow temperaturc and a lanice con-
stanl of 5.6533 A, wbercirs InAs his a band gop of0-417 eV and I lanice constant of
6.0584 A, as indicaled. A temm] Inr-,G.r,As compound has $e rwo end poinls at
GaAs (jr = 0) and hAs (x = l) and it5 band gap has a slight downward bowing
bclow a lnrsur irrrc$ol.ition. Ar.r = 0.468, rhe Ino.!2ca0$sAs alloy has n lanice
oonsturr marched ro LhLrr of thc IrP (5.868s,{).

For Al,Gar-aAs rcmary compounds wilh 0 < r < 0.4, the following fonnula is
commonry !!e{r .t rolrn iemperdlrre:

l,s(Al,Gar ,As) : 1.424 + |.24'7r (eV). ( r .3 .3)

Most 1emzry compounds rcquire aquad,alic tcrd, b@ruse rhc bowing pdmeier is
not zelo. FroDl the rove form! a. we can calctrlale lhe conducrion and valence
band edge disconLinuities belween a caAs and ,n Alacar 3s hererojunclion using



2.3 GENERATION AND RECOMBINATION 1N SEMICONDUCIORS

R,: C, ip. (2 . r .  l ] )

(2.3 r4)

( 2  I  I 5 l
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L Elcctmn Capture: An electln in the conducrion band recombines with a
hole in the valence band and releases its energy 10 a nearby electrcn. This
pmcess desmys an elecLon hole pair. Ihe rccombinaLion mte is

An imporiant Auger process, called CHCCprocess, is shown in Fig. Z.?a in rhe
momenlum space. Ar electron (1) in lhe conducrion (C) band interacts with
.rnolhei electron (2) in thc conduciion (C) ba'd viaCoulonrb i.reractiur. rcsurr
ing in the rccombination ofelecrrcn (2) wirh a heavy (H) hole ]n the valence
band (2'). The emilted band-gap erergy due to fi]s electron-hole recombina-
tion is picked up by elect rn (1) being excited to a hiShef ene.rcy slare (l/). In
this prccess, the holedensjly in rheheavy-hole band andtheeleclron densiiy in
the conduclor band should be used in (2.3.13).

2, Electron Emission: An incid€nt (energetic) electron in the oonduction band
creates impact ionization by brcaking a bond, thus causing an electron in
the valence bdnd jump !o the conduotion band. This prccess creates an
elecl"ron hole pair. The generadon mte is

3. Hol€ Caplure: An electrcn in the conduclior band rccombincs with o holc in
the valence band wilh the rcleased energy taken up by a nearby hole. This
proc€ss deslroys an eleclf,on-hole pair. Th€ rccombination mte is

Two important Auger processes rElated to hole caplurcs, called CHSH and
CHLH processes, are shown in Fis. 2"th nnd Fig. 2.?c, respeciively. ln rhe
CHSH process. a conduclion (C) band elechrn re.ornbines wilh a heavy
hole (H). and the emitted band-gap energy is picked up by a nearby heavy

c

l'igurc 2.7 Bdd to-bmd Auger Econbnmtion !iocc$s,

= coiducrion b and L = Lisht-holc band

alin olbit split-offbud

Ka"i s<2:

lv ''+

(a) cHcc, cllsH,

1  l l -z: l-tyle.S



(b) CFISFI process (c) CHLH process (d) CHHH proc€ss

nd-\P"



2.3 OENERA'I'ION AND RECI]MBINAI'ION IN SEMICONDUCMRS

where the c.u]ier lifetime is

rlrn) = (A+ Bn+ cn2) | (2 t.2t)

Oflen, we define the radiative andfadiative lifetimes:

t l

A -l Cn2

lte intrinsic quanlum efficiency is dre ftrlio of the radiative recombination mte to rhe
total rccombiration mtre

'"':t!frn=
which is an impo&n! parameler for LEDS. Under a forward bias of a LED, the
curenl injectior derennines the canief dcnsity i therefor€, the ndiative recombination
due to dre sponL:rrco : ernission of phorons 18n'zr and the nonradialive r€combina-
lions (,'1, + Orr).

2,3.4 RccombiDnlioD by thc Stimulated Emission Process

In semiconductor l sers and LEDS, slit'nll]&led emission of photons by incidenl
pholors cAuscs rEconrbxradon ol electron-bole p&irs, as showr in Fig. 1.4b. This
rccombinalion nrc is giver by tfte pholon dersity S multiplied by the mte of
growth, or group vclociry (u!) times galn coelficient g(,'r)

R = ,sg(r)S.

(2.3.22)

(2.3.23)

(2.3.24)

The slimulaled rate plnys An importflnt process in semiconductor lase$ and will be
Ilsed again in Ch,LpLef l0 for the analysis of semicorductor lasers to predict lhe
lighl outpu! power veNus the injeclion curcnl. Il is also useful 10 predict the band-
widlh of ll directly rnodulated semiconduclor laser when the injection cuffent is
mod lAtcd by utr .! signal sbovc lhrcshold.

2.3.5 lmpact lonization Generation-Recombinstion Proc€ss [6]

This plocess is very rnuch dre same as the l€vene Augerprocesses discussed above.
However, the hoteleclmn impict ionizalion prccesses usually depend on the incident
culaenl densilics jrslcad oilhc oanier concentBtions. Microscopically, the processes
arc iderticrl ro tl|c AugcFgercrotior proccsses 2 dLd 4, whioh crealE d elecfon
hole pair due !o an incident energeiic electron or hole. These mtes ar€ usually
giver by

V,I-, J,,

q
(2.3.25)



BASTC SEMICONDUC1OR ELECTROMCS

It is usually assumed that the quasi-Fermi levels sray as constanis across the
depletion region, thal is, FN(r): FN for -:r,Lr<ao, and F,(i) = r" for
- @< a < rr, .rs shown in Fig. 2.14. This is equivalent to rhe statement thst rhe
c8rrier distribution in energy lor the same species of car.rier acrcss the depleiion
region stays the same in the depletion region. As a result of $is assumption, we
find that. for the Boltzmann distribution. on the p-side

P pG) : N, t'ef-@ 
| ft)) / t'Dr

np6\ = Nct)etrNt\) t\aJ)t*Ll

(2.5.27^)

(2.s.21b)

Or the ,V-side

pr(r) = lvvNd(,r"(r-/:/t))/r0? (2.5.28a)

ly'^/(r) = Ncrv€(/nc) r.(r)/&,1 e3286)

Because at thermal equilibrium (i.e., no c nent injection, y:0), F/(.r) = F, r)

(2.5.29)

wbere nir is lhe inlrinsic cflrder coDcentration on tbe p-side. Thus, if y + 0, for

\)Pt, = Nvt,Nefi-la 
-Etlksl = nz,

nrpo = n?relrr-rllhr = 7] suv/hr

At the edge of the deplelion rcgion, jr = -n2, p,(-.rp) :pr| 1N". Thercfore,

\1 h\ -*c'hr : nee'tvk"r (2.s.3 r)

l_' 
ftA:'*"''^'

He€ the subscdpl "0" nt p],o and r,r reters to their fiemd equilibrium values. The
minorjty carrjer near the edge of the depletion region, r,,(-"r"), differs by a laclor
exp(qv/kBT) from its fiermal equilibrium value ,?,,o due 10 lhe cfiier injection.
Similarly, at the edge of lhe depletion rcgion on the N,side, i =.rN. the minority
carrier concentation is

(2.5.30)

(2.5.32)bti
where Pxo = niv/ND, whcre nir.' is dte intdDsic canier coDcentration on the N-side.



2.5 SEMICONDUCTOR ,,V AND ,,P HETEROTITNCTIONS

For the foMard bias case, y>0, when exp(qy/kBZ) >> 1, the above results
in (2.5.47) and (2.s.48) can be turfter sinplified and the quasi-Fermi tevels are
ploued in Fis.2.14a. Snnildly. for rhe reveNe bias. exp(4yltB?) << t, rc quasi,
Fermi levels ar€ plotted in Fig. 2. I 4b.

2.5.4 Current D€nsiti€s and I-y Characteristics

The curent densitjes sJc obrained fbr rhe ninority carrien firsr. On rhe p-side,
a a

L = qDn 
tutAn(r), 

^nd o\ he N-side, Jp .= -qDp;6?(r). Assuming thal Lherc is
no generalion or recombination cur€nt ir lbe space charge region, that is, J,, and
.,I]" arc constant ov€r fte space charge region, the total cun€nl densit is thus rhe

I

- /  l 'A^^+e,,2<) 
| s^-ul fr

t s q J

rigre 2.rs (a) The cmiq concqrF.rions .nd (b) dre onEnt densitis as luncrions ol posilion r in I
lirfltrd biasod r' N heteojundion dtude using lhe depletion aplDxnmtion.



(b)

BASIC SEMICONDUCIOR ELECIRON]CS

(2.5.50)

J =JJ_x)+h(xN)

/D,  DP^ \= q l ;  n p a  ,  r ^ a  l t P , v l r t f  - t t .
\ L '  L r  /

The lt)lal cutrent is .I:JA wi r A the orcs$secrional ma of the diode.

/D^ D" \
h = ( t \ ineo + 

LpPNo )4.

(2.5.51a)

(2.5.51b)

I

I,-ii/,4<;;
) r
i l l
lp.l^iV/////////////@""*

'.tti:" fr p/q 
I

Figure 2,16 (0) Thc cmif oncenrdion! and (b) $e oNnr densiiia aB llncrion! of , for I @vctso
bi6ed Z-t hetebjunction diode uliry tlc dcplction appbxinadon.

suln of the two curlent densities



Heie V'(r,t1l,(r,rd3r is the probability of findirg the pallicte in a volume
d'r near the position r at time r The wave turction is normalizdd ch thar
.lv'(r. ,{'(r, 0l3r = 1, thar is, the pDbabil;ty of finding rhe parricle in the whole
space is unity. By sxbstitrtion, it js straightforward 10 show that

3.1 scHRoDtNcER EQUATTON

and the probability curcnt density as

j(.,, :#r"r"'v.r, "r've1

v . i + * p : o

(o) = l^l '-(r. r)Ov(r. r)drr = {tlo ,I ')
J

( 3 . 1 . 6 )

(3.1.7)

which is the oontiruity equation of the oonservation oI pobability density. It is
malogous io the charge conlinuity equation ir electromagnetics.

The expectalion value of any physic^l quantity defined by an operator O is
glven by

wherc the volune of integmtion is ovel the whole space. The ket And bm vector,
19) ana 19 , an: used t|s sltoft-hand notation. In the above rcal-space
r(pr(r(ruaLiur. rl,Jr iJ.V .qr. r,. rhc (onehpordence for rhe operaLoN rs

(3 r.8)

(3 .1 .9 ),tTr

Btq  )

Monrent,rm,pnn=fv.

If y(r, l) is independenl of r, the solulion {/(r, , can always be obrained usilg the
separation of vadables

and

V(r', = 1P(r)d izt'

f- Io' n unrl*,", : u*n,
1 " ,  I

(3 . r .10)

(3 .  r  . l  r )

which is the so-called lime-independent Schraidinger equarion. The solution may be
in lerns ofquantizEd energy levels E, with correspondtug wave functions ih,(r) or a
contintroDs speclrunr E widr corcspordirS wave tunctions /,{r). nr Bcnqdl, ury
solulion of the Schddinger equation may be constucled trom the superposition of
Llrese slittionary solutions

.s'(.r,, = La,,qJ.(!\e 
tD"th+ la,4,u6ye 

thlt aa
.,8

( l  r .  r2 )



RO BAS]C QUANTUM MECHANTCS

where la"l'? gives ttre prcbabiljty thar rhe p licle will be in the 
"th 

stationary (bound)
state t,(r, t) with an energy ti. and a, satisfies the normalizaioD condirion for rhe
continuum srates. In stLrdying a time dependent porential prcblem, very often ! per
turbation apprcach is used if the time-dependent penurbing potential is smaU com-
parEd with the unpertu$ed Hamillonian. and rhe above expansion in temls of the
sLationary states f,(r) or ry'lr), which ar€ solutions to the unpeflorbed problem, is
very useIul. In this case, a, (ard dr) will be functions oi lime as the perurbation
is lime dependenl, and ld,,(r)l' will give rhe rime-dependent probabijiry that the paF
ticle is in sute,' ofthe unpetu$ed problem.

It we wrile 1he Fourier rmnstorms of {4r) and y(r) in the single-parlicle
Schritdiiger equalion (3.1.11).

a u1=J$@", '"dr

vikt = 
lvtrtc- '- ' . t i r

(3 . r . r  3)

(3.1.14)

we then oblain the momentum-space rcpresentarion of the Schftjdinger equalion

whioh bcoomcs atr iurcgral cquation. T|ir ilrcgurl cquaLior wilt be dtscussed in
Chapler 14.

3.2 TIIE SQUARE WELL

We consid$ a square (oL Fctangular) quAntum wcll with a barricr heighr y0. In thc
one-dimensionlll case, fte time-independenr Schriidinger eqMtion is

ffA<ut * lffi <o k)i$'\ = E;i'G) (" tt)-- 
",'i'"tt,'6f3

3.2.1 Infinite Batrier Mod€l

First we nssume yo is infinitely highr thus. rhc wave funcrion vrnishcs at the bonnd-
aries, Fig. 3-la. The solution to dre infinitc barier model satislyjng the boundary
conditions d,(0) = 0 and d,,(.) = 0 is

l-*#*'o,lru,=uru, (3.2.t\

l i .  n n , , n :  1 , 2 , 3 , . . . , (1.2.2)



3.2 THE SQUARE WELL

where we have used the polar coordinates,

dkdk! = kiditkt. 4 = 4 + 4. dE - hzk/tkt/n1'

We can then write the 2D densily of states as

,-@:#,!H@ E.) (3.2.rO)

where d(r) is a Heaviside step iuncrion fl f') = I for' > 0 lnd lr(') : 0 rof r < 0.
The eleclron density , is then given by

The density of states prD(t) is plotted in Fig. 3.2 as rhe sleplke tunclion with each
step occurs wherever there is a nerv subband energy le\el Et, E2= 4E1, &:981,
and so fo$h. Il is irteresting to compare the lwo-dimensionat density of states with
the thrce-dimensional density of sral€s (2.2,36)

Al t= 4r nom (3.2.3)

n = 
Jato*,ry,t,. (3.2.11)

0 E,  4=48\  Er  =  9E1

[igm 3.2 Thc clecmn density of stdes p1D(4 Golid line) ior I lwedimnsiona] quoium well
shnduE is compaa<l wirh $e Lhr-dinensional density of $ahs prD(D (dahed cuFe).

,,"<o=fiff1''a (3.2.12)

-. | /2,n-ft'z /hzn'1n'z\!/zp,,,r,=rF\V) 
\l;q)

<-. -rrrpcf$rrft Lz

(3.2.13)



3.4 THE HYDROCEN ATOM AND EXCITON IN 2D AND 3D

3.4 TIIE HT'DROGEN ATOM AND EXCITON IN 2D AND 3D

In this seclion, we sulmrize the major results of lhe energies and wove funcrions fof
the hydrcgen atom model with both bound (E < 0) and conlinuum (t > 0) slare sol-
utions L4-81. The hydrogen aiom is a two-padcle syslem for the positive nucleus
(with a mass ,lr) at a posilion rr and an eleclrcn (wirh mass m,) ar a position r2.
The two particle system is described by a wave lunction |y'(t, rr. ,, which is a sof
ution from the HaDiltonian

H = i  {L -v r , '  -  , "  (1 .4  t )

where pr = (tllt)Vr and pr: (n/i)Vr, and V, refe.s to the gradient oDerator wilh
respecl to I (i = l, 2). A genenl solurion is 10 transform from rr and 12 coodinntes
to the center-ol-mass coordinate R,

B. =htrt  !  m,r,  
Q.4.,2a)m t + m z

and the diffel€lce coordiral€ r,

r  = rr  -  12. (3.4.2b)

The comple@ solution is of the form

,t '<",,n1=fiUrl (1.4 3)

where U(r) salisnes

I  n '  2 1
^ V: - =1,/(r) : E/(rr (j.4.4)

| 
.^, qne,)

wherc rr, is rhe reduced effective mass, Ilm"= llnt + 11 2.

3.4.1 3D Solutions

In three-dinensional space, the eigeDfuncrions can be expl€ssed as

7/, /o, = {!,\'-!t,:(!, d): bound-states (E< 0) -. (3.4.5.)
r . I R,./ (/) y/, (A d): conrinuum{rares !t . 0)

/ : I - r r ^ \
( "T "l wherc $e fudi.l tuncrions R,,/r/) .n.l R l.) c.n he fomd in ReIs 4 8 $d 10. rhe

@n"LU 
t hrsr lcw iphcr icJl  h ,nonic '  v," . ,d.  , r '  re siren r \  lo l low'.

J:0 (r  orbi t)

Y,, :  ] -  (3.4.6)



35 TIME.INDEPENDENT PERTURBATTON THEORY

3.4.2 2D Solutiotrs

The solulions for Ihe two-dnnensional hydmgen atom problem are given by

T
( ' t{tr)
2a! \

I  r . " , , ,+ bound+r,e\ ,8.  o,
2ft,t: \ 

,":,7

lR^Ol ln, 
conlinuum states (E > 0).

The eigenenergies for the hound srrtes a€ .lDantize.d

4 = -  : i L  t n = I , 2 ,  l . . . . L

\ -z)

4 - -4R, Lz - -5nu h = - 
25Ry,...

I | "'*"' 1l , / , r .0( r  o) ' - - - - - -  
|  

' . - - - l

f*"\/' /l
13.4.1,7)

(3 .4 .13 )

(3.4.14)

(3.4.15)

It is noled that the binding energy lor the l.r srales lgl is four times thal in the three-
dimcnsional casc. This cnhancemcnt of rho binding cncryy will be v€ry uscful nr
understanding the excitonic effects in semiconductor quantum wells and lhe obseF
vation of the excironic oprical absorpLion specua, which will be invesligated hr
Chapler 14. The wavefunclion at dre origir h

, ,4 ,s r r=01 ' := - - - - - i -  (n  =  l .  2 .  3 . . . .  r .

",31,_;)
For continuum seles, the energy E is a continuous va{iable, and the wave function at
$e origin is

(3.4.16)

wherc E: t?k2 /2m,. TILe expression inside the square brac(el ls the sommerteid
enhancement factor,

3.5 TIME.INDEPENDENT PERTURBATION TIIEORY

3.5.1 Perturbation Method

In most practical physical systems, the Schrijdinger equations do not have exact or
analytical solutions. It is alwrys convenient to 6nd the soluiions using the



3.5 TTME.INDEPENDENI PERTURSAION THEORY

can be solved directly by letting

' \- i0)v ' 2 - o ' E ^

where {dl}'} arE lhe eigenfuncdon. of the unpenurbed Harrulronian.

t0l

{uy<rswtPt

(b) If we keep only the fust two nonvanishing terms in ihe above surfnation for
C,, we obtain

^  3 2  l 4 - 2 ,  4 ' 4 ) '(  |  -d '  
Lo , , t -  '  r r , '  - l t ]  = -2 re4 ro '

c, =r:  2 ' ,  14+_++:.1 -6 578.,o-a
L(4 l/'J (4 - q) l

cr-32' -32.  fg i -  , " '11. ]  r .s3r  .  r0- .
L(e - 4t (e - I6tl

We see that t, decreases with incrcasing ficld F as C | < 0 and both t, and t3
incrcase slightly with incr€asing field F.

(c) The above C,, in part (a) car be summed up to an analylical expression
tr2-r4l

,^=f f i  or  ct  = -2. ts4.  IO r .  cz=6.s44. ,  t0- ' .  and

I  c a  = 3 8 9 9 x  l o - 4
4

which al€ olose to tho8e in (b). These rcsults using lhc second-ordor pcrtur'
bation theory agree very well with those obtained from variational methods
lt+r1).

3.5.2 MafrixFormulatlon

Altematively, the eigenvalue problem

H4,= (H ta )+H ' ) ' ! =E t t (3.5.30)

(3.5.31)

(3.s.32)

The se.ond subsqrpt 4 in a is drcpped for convenie rrce. Here Qfi,n: 1,2,..., N.
rnay also be degenerate wave functions. A direct substitution of (3.5.31 ) inlo (3.5.30),

and taking fte inner product with respect to d!0). i = 1..... if. gives

\ d ^ - e a * b . = s (3.s.33)
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The Kane's pammerer P can also be related to the effective mass of the electron
m: ustus

4.2 TGNE'S MODEL f.oR BAND SIRUCTURE

,",o-,"=ff*Yk4!=tt
. ,  / ,  . i \  a ' r , rr*+ar'  - \ '  ^ i  24F, .4J

,  = ru*ff inLu.o+ft io.vv, n

k = lsin Pcos f i  +lsinosinpi + trcos d,

Someximes. the n'zk'/240 ierm is ignored, as ,n! ! 0.067rflo << rr0 tbr caAs; rhere-
fore, Lhe telm ,,J/no ir (4.2.26) is ignorcd.

We nole that these wave furcnor,s h (4,2.21)-(4.2.24) are eigenvectors of tbe
Homiltonio,

(4 2.2s\

@.2.26)

(4.2.2',7)

with eigenenergies E = 9s,0, 0, -A as * -- 0 for the conduction, henvy-hole, ligh!
hole, and spin splil-off bands, l€spectively.

4.2,5 General Coordlnah Direction

If /r is not along the ?-direction,

(4.2.28)

the followirg lransformadons can be used !o find the basis luncrions iD the general

Ixl
l y l .  ( 4 . 2 . 3 0 \

l")

li;l
lrl
l z )

( * ' , * i  " ' , ' , ' " j )p r1
\-"-r,"r" j  " , ' , i , .""9/ 

Lr J

f *"u *-o-*"r*o ,,"u'l
I  

- ' ro 
"""d 0 |

L s i n d c o s d  s  d  r € . . ,  @ s 0 l

(4.2.29)

+ sit'

The spherically symmetrical tunction maintains its symmelry, S(r') : S(r) as /' = /
bccausc thc lenglh scale is preseryed in a unitar/ l,l?nsfomurion. The above
tansfomation will be useful in Chapter 9 when we discuss optical matri{ elements
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Dor inulLjply ing {5.2. l r  by H and {5.2.2 )  by E. dnd rr tuog |ne Ji f lerence, we obuin

184

v  .  (E  x  H)  =  -H.  
#B -  u .  S  r . r (s.2.3)

where V' @ x H) : H. V x E-E . V y H has been used. Define the povnrins

S = E x H

(5.2.5)

(5.2.4)

which gives the energy flux density (W/m'?). For.n isorropjc medium, D = €E and
B - pH, the electric and magnetic eneryy densiries are

, ,= in.n
y h  = ; H . H .

Therefore, Poynting's theorcm in the lime domain is simply

v . s =  f i t w . + , , " r - n . J .

)rs"rf,

The theo|€m simply srites the power now, or rhe divergence of the power densily S,
is given by the decrcasing rate of the tolal electric and magnetic energy densjty plus
the power gen€rated by the current source, - E . J. If int%ruting over a vohrme
y enclosed by a sudace.t, we obtain Poynting's theorcn in the fofln

Jjr " u ',rs = -,9JJjr", n,,;,u - JjJr.r au (5.2.1)

thal is, the power flow out oI lhe sudace ,S equals lbe d€creasing mre of rhe
stored electric and magnedc energies plus the power supplied by rhe source.- l l l  E. I  dv.

A complex Poynling's theorem can also be derived fmm Maxwell's equations in

tv . r"  "H-)= - ' " ( ; ' .o-  j " . " . )  - ] ' . r

(s.2.6)

(5.2.8)I

If J = Jd + Ji wher€ Jd accomls for dissipation (e.g., Jd : oE in a conduclor), we
thgn hirYe

{v'o " u-r +;iro 'o' - n 'n-r * ju. r; = le.r;. (s.2.9\
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wherc ,tr is the wavelength in fue space. For a plane wave propagating in the
+?-direction with a polarization along i, the electric lield behaves as follows:

E:; Bo ee = i Eoexp(t"j--t) (s.5.7a)

(5.s.7b)

wherc h = \/tln/Eo: l20?'is the characteristic impedance of rhe fi€e space The
time-avemged Poynting vector for the optical power density is

s : jn"tn ̂  H-r : z 
*11au',--

(5.5.8)

"=,1a": ,** , ( , {*  ; , ) .

l l l

Mtx

which decays exponentially as the wave propagates fanher along the z-direction with
a d€cay constant determined by the absorplion coeilicietlt.

5.5.2 Lorentz Dipole Model

In a resonant dielectric medium soch as acollection ofrcsonantr{oms ir lhe pEsence
of a driving electomagnetic field g(r), we can model each resonau! oLom as a ciassic
hannonic oscillator. Fig.5.2. The equadon X. rnolion lizEiElhiiE
mass lor a frge electron with mass mo bound to a nucleus with mass M [6-8]

Flgore 5.2 A cl.sic dipolo oscillalor hodel for 0n electron bound to a Fosirive nucleu. The Esorar
ftequency d0 = y'tl,a is chd&Gri@d by lbe Atoring sprhg constint t and the rduced Ms n.

4
v ' t r
M



5.5 WAVE PROTACATION IN LDSSY MEDIA l 9 l

Usually, M >> ,h, thercforc. ,?, ! u0. The equarion of motion for rhe displacemenl
ofthe eleclron with a urit charge -4 from its equilibrium position is govemed by

nn -+naf---+kr:  qL\ l ) (5.5.10)

wherc 7is a damping factor and lis the spring consranl For a tine harftonic oprical
elec!_omagnelic 6eld. f{r) = F0? t'' the.lipole mojnent ot re et€{0on -q and rhe
positive nucleus +4 is given by

,rz E() (5 .s .  r1)

where r €sonant frcquenc v .>o 1/kfia hae ben de6ned. The poteiz io' donsily
P due to N aloms or electron-nucle0s pairs per uniL volune (1/cm3) is

P '  \ ! ' :  Nq2L\ t l

nd-uz -  iy@+ !4t

The displacemenL vector D is given by

(5.5.12)

="" f :  +x,+-- ' -14 - l r
L r',1080r(i4 -.Lr' - r7@ll

where we have inclLded lhe backgroMd contribution to the polarization densily
Ph: aaxhE. We obtain the pemitlivity tunction ibr lbe rcsonanr dielecfic
medium or an atomic sas:

(5.5.r 3)

(5.5. l4a)

(s.s.r4b)

is the plasma frequencySepar.'rling the real and imrgir).ry puns,

6 ( & , ) = 6 0 l l + X b + X . d ) l

x@ = ----!-d -- =
nne ' \o i : t - ( i " - t ld )

x'@) =
d i t " t - . ] l

(.; 
".1)r + (t-l

x,@)= kd_##oG

4
k4 -bP- i y t r )

Y

(s.s. l6a)

(5.5.16b)
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The relative permiltivity or dielectric funcrion is given by

. . e(-)
c ' ( d l  

o  
- e ; ( d )  l  i .  ( - )

=t+xb+x '@)+ ix ' , kD)
e i@)  r+x6+x '@)

E!(a\ = x't(a).

We denote the stalic (dc) value of the perminivity ar ,ffo frcqnency,

.|
x = 1 0 ) = +04

3s = Er(o) = 1+xb +xo.

The other limit as o approaches inlinity is }(@) = 0, rhat is, tbe medium polarizariot
simply cannot rcspond to thc fast varying driving €lcotuornagoctic n€l(], and rhe
dielectric constant in the hiSh-ftequency limit is given by the background valuel

e - = € r ( o o ) = l + x b . (5.5.19)

Figurc 5.3 ploLs the real and imaginary parts of lhe susceptibility X. The imaginary
part peaks at the rcsonanl lrequency ot, as expected, witb a full-width at hali
mnximnm of 7' The plasma rcsonarce is also give, as

^ e t q " ^
o = 

(Ar)"""r t lP"nr{oo)= 'Yo?

(5.5.17a)
(5.5.17b)

(5.5.17c)

(5.5.18a)

(5.s.18b)

(5.5 20)

The real part has a zero cmssing at the resoran t frequency and is positive for fr€quency
below rcsonance and is negative for frequency above rcsonnnce. The complex
prcpagauo[ const4nt rs

( = (ry '&oe =.dVArL€h t  €01.1d)l

| p . , )= dvE€btl + rtu h, + i.Y,'ri

= *on + koln + it (5.5.2r)

rP{mrtrle iidr:( '
wnere4F= !/cb/80 rsme backgr'orrrru .ltC€ttrtfr€f€tsl. -.t

IIorc the apprcximation is valid only if the seurd tcrr is lruch smdier Lh,|ll rhe
firct backgound pemilLivity. Otherwise, (5.5.4a) and (5.5.4b) have ro be used. We

O,: 
*r' 

= $e change in rerractile inder. (5.5.22.)
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The transmitled fields

and the transmission co€fficient

2

ELECTROMAGNETICS AND LIGM

- (nirr'"rP)

=,,t"t)ifu:" 
I

= 
fir{rr,i + t"2t,4!,nu*

#

/
HI

PROPACATTON

(s 6.5a)

(5.6.5b)

t& + 4 = ,'? pr", = t4'4 (5.6.6)

nd. n2: 1/ pra2l 1t $, *,tarching the boundary conditlons in which the tangential
electdc 6eld (E ) is continuous alr:0,

Eoetknz + r Eoet\. = :"Eoeit\z (5.6.7)

for all z, we obtain

. ttL kz
' ' ----t

lL2k1"

Solving (5.6.9) and (5.6.12) for r ard t, we obtain the reflection coefficient

(5.6.8)
(s.6.9)

Bquation (5.6.8) is Snell's law of lh€ phase-malching condition, Fig. 5.5b,

i1 sin 4 = *r sin 4 = &, sin d' (5 6.10)

or

A = e '
,lr sin q = '2sin 6l' (5 6 11)

\ there kt = ar@fi = hq, i = 1, 2. The othef boundary condition in which the
tangential magnetic field (}1,) is continuous leads 10

1- f49)
1 -' /Pr fz')

, l t c o s q + n 2 c o s q

(5.6.12)

(5.6.13)

2nr cos 4

'* /89) ,t cos q +712 cos 4
(s.6.14)
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Special Case for Nonnal Incidence At normal incidence, q = 0o. I1= *r:
kon2 nr'd kt,: kt: kdr1. We find the reflection and transmission coefficients for
the field tre, respectively,

A1 an optical energy below the band gap ofmost semiconduclors, the absorprior is
usually small or negligible. Above the band gap, the oplical ahsorprion h imporant.
Wlen a plane wave is normally incidenr from the air to a semiconductor surface, rbe
r€flectivity of the power is

2n, (5.6.2r)

(5.6.23a)

(s.6.23b)

(5.6.23c)

, .  n 0 - n  t n  r f  + k _
n o + h  ( n +  l l + k z

l5.6.22)

which takes into accounr the absorption effect when rhe reftaclive index d is conplex
and ,b of the air is 1.

Numerlcel Exomple For InP marerial, the dispemive elfects of tfie real and the
nn4ginary parts n((d) and ,(.,r) a.re given in Appendix B at lhe end of tlie l,ext as a
function of fte pboton energy to or the frceapace wavelengrb i. At an energy
n@:2.0 cV (l = 0.62 prn), whioh is close ro lhar of a HeNo laser waveleng$, we
have r = 3.549, and k = 0.317. The absorption coef{icient is

"  
= ! ! .  =  =y- .0  J r7  =  6 .4 r  y  ru"c rn- , .

/t u.ol p,m

The reflectivity for the rcnecbd power from the semiconducror is

5.6.2 TM Polarization

The reslrlt of TM polarization can be oblained by the duality pdnciple using the
exchange of the physical quantities in Section 5.6.1. Tbe rcsulrs arc

f

}Jt=iHy=iHoe a'*k),z

H. : i ,'rM flou +*d+rk"'

Hi : irrM flo" ':b+&.2



5.6 ?LANE WAVE REFLECTION FROM A SURFACE

1 + fetr)
2

201

(5.6.24a)

(s.6.24b)

(s.6.2sa)

(s.6.2sb)

", 
cos e - ,r cos dr

u, cos 4 + nr cos dr

2n2 cos q

Drewster Angl0 For lwo dielectric media, the rcflection coefficient for the TM
polarized Iight vanishes when €r,(k:511r,, which means

, /e, k:.\ n: cos 4 + n, cos d,' -  \ " , r " i

,, cos 4 = /lr cos q.

,1t sifl 0i : ,r2 sill A

For lotal intemal renection, fta, = id., rr(l ryM = ?-,24ii

Snell's Iaw requires that

Tbe nbove two equations {rc satisned if 4 + dr:90". This angle ofincidence 0i at
which the relleclioD vanishes is call€d Lhe Brewster angte dB

(s.6.26)

Unlike ihe critical mgle, d" = sin-r(nr/,lr), which requires n, < n|, the Brcwsler
angle exisls lof wave $ansmission jD gither direclio

(5.6.27)

The magnelic field experiences a Coos-Hiinchen phase shift ot an amounr -2dly
when the angle ofincidence is larger dran re critical angle 4.

Example Consider lnP (n = 3.16) ind air interface. We plol the reflecriviry ot
power for TE and TM polaizations for plane wave rcflection (a) fron an 10 InP
surlace, and (b) trom InP toward lhe air inErtace ju Fig. 5.6a and Fig. 5.6b, rcspecF
ively. For case (a), there is no total inlenral refleclion. The reflectiviry of rhe TE polari-
zaiion is alwtrys larger ihan that oI the TM polarization. The Brewsler nngle occurs ar
72 4" For cise (b), total intemal rcfleclion occuF at 1 8.4', beyond which both TE and
TM polariz-ed lights have a unily rcflectivity. The Brewstef angle occu$ at l?.6'.

5.6.3 Concept of ImpedNnce for PIan€ Wave Pmpagation

In free space, the ratio ol the transverse electdc and magnelic 6elds for a plane wave is
simply 

"t0 
: /tro/60 : 120']'(). Fora plane wave incident obliquely onto a suriace

ortr nrt&-,rrtt I



?ROBLEMS

Similar relalions between re rcal pan and nnaginary parr of the complex
inde..! t(o):,(r,) + ik(.,) exist

^ | ddJ K\d)
n \ q - t = r t - -

. l  n . r  a

223

(5A.18)

(sA.l9)

5.2

5.3

5.4

PROBLEMS

Check the duality principle using (5.1.12).

For a laser light with a power 1 mW propagating in a CaAs semiconductor
(n = 3.5) waveguide with a cross sectlon 10 pm x I pm, find (a) the power
dolNity it w€ assume fte inrensity is uniform wirh the wAveguide cross
section, (b) the electric field strength and tbe magnetic neld srrcngth assumiDg
it is a uniform plane wave.

Derive (5.5.4a) and (5.5.4b),

Plot the realand imaginary parts ofthe relative permi[ivily usi[g (5.5.32) for
gold and check wirh Fig. 5.4.

(a) A plane wave is reflected between the free spaca a.nd a bulk GaAs semi
conductor with a refiaclive index assumed 10 be /? = 3.5. Calculate the
reflection and the lxansmission coef{icients of the field, r, and f, ar
normal ircidence.

(b) Repeat part (s) if the wave is rncident from the GaAs rcgio, onlo rhe
CaAs/ah inlerface at normal incidence.

(c) For oblique incidence in paft (b), fird the critical angle and rhe Brcwstel
angle.

the tmnsmission coeflicients, I' and t, of the optical lield lor both TE and TM
polarizations, and (b) rhe rcnectivity R and rhe t-ransmissivity 7 for borh
polarizations.

Calculate the Goos-Hiincheu phase shifts for an angle of incidence d, = 45'
between an InP/air inlerlace for both TE and TM polarizations (r = 3 1 6 and
,t = 1.55 pm).

(a) Calculate the reflection and tmnsmission coefficienls, r and r. for a plane
wave nomslly incident on a sl$ of G.Aa s.tuple with a thickness .l:
10 pm ,nd a refractive indo\ ',: 3.5 at a wavelength ,l: I pm.

(b) Find the power reflectivity and lransnissivity in part (a).

+rifftr*
s.6 Fora !l9ne w.ve incidenr rrcm m rnp esion \, - r.ru*of ,.r, *-fu(u

\JEfcaedwilh un .rngle oi incidence 0i - l5'. calculare (a) $e reflecrion and



6,T LIGHT PROPACAIION IN UNIAXAL I,GDIA

Flgur 6.5 A pldne wnvc D incideot on i lhiixinl mediun witt a dicktrcss 4
m0res  rn  ong le  o r45 '  u rh  herwoprn( i l r l , ' onJ ,des

237

l n  5 T  9 1 1
l = '  - - ,  - - ,  .

for (,tc - lo),./ = I ^' _' .'"
|  3 r  t n  r L ' '
t z ' T '  2 '

(6.1.36)

(6.1.37.t)

a;nt

E : li + 2ettta- N")'1 & e s't

={ixia>ft"'a't

which becomes circularly polarized lltthe output end.r = d. Using

, 2 n u
t = , t = . n '

and defnins

21r I
k  - k o  =  - -  o r  & = -

^d 4c nol

wherc,\ is the wavelensth in free space (o/c: 2,/I), we have

" :  4 '  4 '  4 '

ThusdEplaLe, whiohcar trdNfom u incidenL linearly polarized wave in|o a circularly
polarized wave. is called a quarter'wave plate. Note that rhe value ̂ l is neither the
wavelength in the free space nor the wavelength in the uniaxial medium (it corcsponds

(6.1.37c)

(6.1.38)

" ol'llr.cr/ ,



LIGIIT PROIACATION IN ANTSOT{OPIC MED]A AND RADIATION

s.,J J wrllts
wirh 27'di ! ,Jed by, l ,e di l lerence In re rwosJ\e nurnber,r . l  J ]2t  ln mdnv cr)\rJ.i  ' | '  | | | d | | v  r  | } ! J \

such as lirhtum niobate ('I-Nbor) or KDP (KHzpoal, Lt,e ,/rLrtiv;lnatu#.-me---- o

o nroneflv;;g n{! \ome n\!u.: \rh .s oJJn/ rs.o \ a ry%_!sl9!1!-l!E o 
'didinanl

o J
r$o chmcrefisr,c p,'l,iizr ons, n an,l , ads_lrg_9g!]lTha 

"'I-tons 
qlch

rhe polffi,,auon p,oplrre\ t$.e s Lrlhd rhe lJ.r r.\i, rn,l rhc uGii ailll, .:r c,l

Pohroid If we have a uniaxial medium given by

(6.r.39)

:ov?o, which is real. Howevcr, if D is polarized in dre d dirccdon, it will

[ '  0  0  I
l 0  6  0  |

lo o ,, +;al

we see Lh.t for an ircidcnl wave propagaring in tlrc r direcrion, if the elechic field
is poldized in the l, dircction, it will prcpagate through with a propnSalion coNtanr

propag{e w,lh a complex propagAtion oonstant

oa /n '6ar $y r ;  ^
(6. l .z l0)

and the wrve will be rrtenn^red significantly in tlrc:bcdilrn. Thlrs, ifthe rbickness of
fie plate is largeenough, an incideDriield widr an arbitrary nolndzation will havc its r
colllpoDent atienrAted when passrrg through dre phte. The trausmitted field \rill be
essentially polarized ill the J dircction only, which is linearly pol. zed.

Example An expcrimerrtal selup fbr an absofuer of l$er lighr uses a polArcid, .r
quader-wave platc, rnd a mirfor as slrown iu Fig. 6.6. For an incidenr light wilh

4

) E r

Qu.ner-wave platc Miror

liguE 6.6 An expedmentd setLD witlr a polmid, r qudrc.wrve plale (QWP), md a nnrcf tui com
plee .bsoQlion of $e light inciGnt iln tne left sidc.

El



7,3 RAY OPTICS APPROACII TO WAVEGUIDE PROBLEMS

FiguE 7.11r (.) An dsrmreric walcsuide wjlh sr : s, > € and a Lhioknas d (b) A symnetiu woc-
gridewith afiickness2d Thecutoffcondnion r.r the TF,,,, 'nndein (a) is equirdcntt6rh{ol the TEc,,, .r)
mode in (b).

which is equivalent to the cutoff condition of the TE(,,,rr) mode in a symmctric
waveguide with a 2l thickr€ss. This can be easily understood frcm a comparisoD
of the two electric neld pronles in Fig. 7.10a and Fig. 7.10b. Becnlrse tbe decaying
constant a in region s decays very fast in Fig. 7.10a, iB iield prcfile looks very
much like half of the field pronle of Fig. 7.10b.

7.2.2 TM polarization H =iI/)

^. We cun easily obrirn fte solutions for the TM polarizalion using the dualily pdnciple.

{ rt[J, n'" {q has the some form us (7.2.6;, excepi t}at the constait C, is difibrent trom
) thal i^ Q.2.6) lrlld car be derived from the normalization condition or duality p!in-

cipte, noting thal E + €r +€r. The guidance conditron js obrained from (7.2.4) afl,er
rcplacing tri by ei. we lind

r ,a = *"-, (!s) *,"" , [rr:r) * ,"
\e / . . , /  \e2 ( t , . /

('t.2.t1)

for the TM- mode.

73 NAY OPTICS APPROACH TO WAVtrGUIDE PROBLEMS

An efficient method to find the eigenequation for the dieleclric slab waveguide
prcblem is to use the ny oplics piclurc. We know from Section 5.3 that when a
pldre wave is n)cid.rt u! a pldru dielectric bounddy witb an angle of incidence
d larger than the critical angle, the rcflection coefficient /r2 has r Goos-HAnchen
phase shift 24rr.



7,7 SURFACE PLASMON WAVECUIDES

?

5 t
E 9

f i *

1.481 t.488 1.489 1.490 1.491
worol.ngth (F.t

ngure 7.17 Amplilicd sponLancols emission s!&truh of n 320-pm rcmiconduo$r laser cdvny lt Donr
rehPd$u'E bclow $ahold. The inj@tion dLEDt h I= 8 mA. (Above Lhe l$er th€shold cuftnt, I,, =

where the dispersioo elfexr (dneldl+o) is taken inlo accounL and ,s is the
group index of the guided mode, which accounts for the dispemion of rhe effeclive
index ,.(l).

In Fig.7.l7, we show the amplined spont neous emission spectrum ol'n
lnGaAsP/InGaAsP strained quartum-well laser at 300K. The cavity length a is
370 pm. The th&shold curent is 1n, = 13.5 14 al this tempq.Ature. Using ," !
3.395 and t10, 161 dneldi =-0,264 (U,m)-r near i = 1.49 pm, we oblsin the
wavelength spacing A,\ : ?.9 A, which agrees with the spacing shown in the figurc.

7,7 SURFACD PLASMON WAVEGUIDES

In recent years, surface plasmon waveguides, orplasmonics, has becom€ an iniensive
subj€ct ofreseaich. The rnain idea is 10 develop wiveguide structures of small dimen-
sions of subwavelenglh scales al oplical fEquencies. Frcm Section 5.5, we understand
that metals behave like plasma al optical lrcq$encies. If the opiical ftequency d is less
than the plasma frequency ,)!, the pernittivity

sp(,"):eolt 4/;) ( 7 . 7 . l )

becomes negalive, and the wave is sl,rcngly attenuated in the metal. ff o > @,, the

posi*ivs---P:g!g+]..E+]I=.}qr At a' = o! €(o):0' ard the propasation constant
t'-'- 

- 
k: @,"/pe(u\ v ishes (i.e.. rhe electomagnetic wave does not prcpagale any
rnode). The medium response gives

0 = D = s r ( ( , ) E = 8 o E + P
P = -eoE,

I  l l  i  i
j i i i j r i t l l
j t  j i  i i  i i  i l
i U U U U I

(7.1.2)
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where U(.r) is the Chebyshev polynomial and r: (4 +r)/2 (see page 215). The
ourpul at the double-bus CROW structure is

where dn+r = 0 because there is nol input from the 4,+r pon. The rcflcction and
transmission coeffi cient is

f c , + r  I  t  f - t  r l  [ a " 1 1 ]
l d ^ + t  I  i K l - t  t l  b ^ + t l

_  |  |  n t  .  t n ) t  n f  .  r n , , l l a t  I- i l -m , ,  
. , 1  _ , , " ,  ̂ - l b . l

h .  u r |  -  t t z t  \ A U N t ^ t - U N . z \ 4 1  - C U ^ - t l ^ )
- -  

a t  m22-tm) DU\ tk t  -  UN_2\ .x)  -  |BUN . \ .x)
cr+l iK

at m22 - tmt2 DUN-.6\ - UN-z@\ - tBUN_tQtr'

D - tB = U u -ztxl / U n - l,tt.

(8.4.22)

(8.4.2s)

(8.4.23)

(8.4.24)

The zeros of the reflecfion give lhe conditions for rhe renection minima

tA, C = tUN 2Qd/UN_t6).

The poles give the oscillation condilions

When N = 1, we have

(8.4.26)

(8.4.27)t A - C = 0

which has the solution d: 2"rn The p!+effcordilion is given by OS c;llqtloru

D=tlJ or 0 =2m7r utd, t=l /^,G.

P€riodic Ring Resonato$ For lossless struclure a = 1, the Bloch theorem for a
periodic structure allows for

l'".1="'*l;;l
where   = Zb is the Bmgg period. We expect

(8.4.28)

(t3.4.29)

: 'lt:)1t sl lal
C  D  I b , I

(8.4.30)
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pL:2nn !  iot^

sin(d/2)

A schematic plol of lhe dispersion Ielation betwe.en 0(= dnefiL/c) versus pA is
shown in Fig. 8.21. The solid curves are lhe BA or the real pari ol re pmpagation
constant, and the dashed curves are for the imaginary parts aA in the slop bfids
wben p[:2nn + ial..

Figure 8.22a shows a double-ring doublcbus configurarion with the ourpur as
shown. Figure 8.22b shows an optical filtet de.!i$ for an input with f,{o wflvelengrhs
and the drop of each wavelength at lwo separate horizontal straight waveguides.
Figure 8.22c shows a single-bus periodic ring desigrn for engineering the dispersion
or group delay. Such a stfircture has beer demonsLcated on silicon-on-jnsulator (SOI)
submjcrometer photonic wire waveguides shown in the scanning electron microscopy
(SEM) images in Fig. 8.23 t731. The design uses coupled resonators to a curved
waveguide bus for slow ligh! or opticnl delay line applications. Figure 8.24a and
Fig. 8.24b show the measured losses alld the tansmission spectrA of I dng and 56
rings t731. Wc can sc€ a bloodcr bandwidth wher 56 dngs a,l€ uscd. Dclay of
mor€ than l0 bits at 20 Cb/s is rEported using these structures.

8.5 DISTRIBUTED FEEDBACK (DFB) STRUCTURES

Consider a two-dimensional corrugated waveguid€ or a DFB suuclllE [78-!!-Ij! l*e s,;.n $shown in Fig. 8.25. The permittivity function s(r, a) can be wriuen aslan unpenurbed
slab waveguide e(r')i.r) and a pefturbed periodic part Ae(r, a)

(8.4.42)

(8.4.43)

€(r,..) = e(u)(.x) + A€(:r, ?). (8.5.r )

(a) (b)

r+ 
-EJ _r-:l- E-.f -L=jl-

Figun 8,25 (a) A comsat€d waveguide widr n perdttiviy tumtion €(r, r) c be wriltc. m tbc suD or
(b) an unperturb€d part 'ru)(r), which d*cribs a nnitorn slab Navccuide, and (c) a psrurbed pli Ae =
e, - er or & = .r r h the corogation Egiotr.



Because Az(z) is periodic, it can be decomposed into the Fourier series

L n t z t  =  L  L n p ? ' P ^ '  r 8 5 2 t l

Therefore,

Le, =2^6r,  tor b <d12, and Ae, = 0 tor lx > dl2

x l<4

-2. ] t  -= - \zn06n+t  I  
B 

r

where h = arv-loso, and Bo = /.0n0 have been userl, and f is exactly ihe optical
confuremefit facbr because we assum€ the index gruling is dependent on ? inside
the guide. Similarly,

r11". :  - fhArl-r  (8.5.23)

and we have kept p = + I or - I for drc first-ordcr grating.
For an index phase gradns wilh a 'nagnitude Atr and pha6e L

a,rz, = 4,.", (*. - q)
\ . \  )

= tn, lk I Ln 1 e-t*
)\, l\,

^n.. t  
;  

e '" .  ^n-t  
;  

e r .  {8.5.24)

The coupling co€fficie'rts arc

K.b=rh+ ete

K b " = - h + e * :  K k

As/,(.{)lEli}r dr

COUPLED MODE I'IIEORY

(8.s.22)

(s.5.25a)

(8.5.2s4 
b

In other words, the coupting coeflicients can be put in very simple fonns and they
satisfy the relation ,(0, : r;i, because lhe index grating is lossless.
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800 900 1000 i100 1200 i300

Pholon €r6rgy, no (n ov)

ngur€ 10.8 Me6uEd spoitlncors cbi$ion $p4l!um obrtrined by collecring photom thbugi a window
(W) in $e sbst{tc !v and lnc mplincd sponloncous cmksion sp.chn obraincd by c.ll4rin! photons
fron thc ftccr (D Ir of an LED. (ReprinlEd with ldnission tDn l42l O 1993 ADqjcon l$titutc of

where C,,(ho) = f8 - dj is the net modal gain (including all tbe losses due 10
absorplions and scallerings in lbe device). Note that al lhe transparency wavelengrh,
C,(ha) =0 an.d LAha, = Z Ao) when no amplification by the gaiD acrion exists.
With enough can'ier injecrion sucb thaX c, > 0, we see that the pholon densiry in
the speclral r€gion wherc g(fto) is posjlive wiLl c\perienca amphficarion whereas
that ouiside the positive gain regior will experience absor?tion. Because lhe gain
spectrum is naffower than thal of the spontaneous emission sp€ctlum [46], the
face! light will be nanower than that of the window lighr. These results [42] 1lr€
shown in Fig. 10.8. As a mdtcr of f&t, a comparison of drese two spccl$ h6
been used to extract lhe gain spectrum of a laser diode struclure. By measurirg the
two spectra a/tio) and I trd) at the same cunenl injection level, we can obtain
the gain spectrum. Furthemore. if we take the logadlhmic function of the mtio of
the two specha, 111 lLlha\/Lilhb)1, n \till be close ro that of the gain specrrum
bccau.e i r  is proponional ro lnl tec.L l t /C,,1-t lEl / .  oi) /  i f  rhc ovenl l  gain
,c,.1 ,. l) is lrrge enough l-ljl. By fiuins rhe grin 1'-pEiftF-T,r61i#6Ei;I-
gain model. we can extracl the cirier density rl at a given injection curent 1 [43].
The carier density versus the injection current /is a monolonicilly incEasing
function of 1. as shown in Fig- 10.9a at 25'C and Fig. 10-9b a1 55"C. For laser
diod6, the cdrier density is pinncd a1 rhc th,eshold value when the i,rjeuriun
cun€nl is jncreased beyond threshold.

srb6r4}t x
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wherc the amplitude A is

1=.,/Fige6,L, Rt = t lz, Rz= nl2

The ASE specuum has maxima al

423

curent densily is caued the transparent curcnr densiry. Furtber increase ol the cun€rt
inffeases gain until it rcaches rhe threshold condition, ,t which the gain is equal
to the backSrcund absoiplion plus the miro trosmission loss (or loser outpug of

Consider an optical field ,'"r(i) due to the spontan€ous emission of phorons by
eleclrcn hole mdiative recombinations in a Fahy-Perot cavity. When the optical
field propagates toward the minor fhcels witb optical field reilection coefficients /r
and r, on each facet, wc can wrire dowD the mulriplc reflecrions of thc optical
field as

t a n , r , \ r  -  E . e r ^ r l l  -  t  , r l I L  |  \ ,  r y . t * f -  )

: 
| - rtrr"r'1" 

(r0 129)

The complex propagation conslant has a rcal and imaginary paft

,  . ,  .G" 2n G,,

c, = fg - ai = The nsl modal gain.

The measured ASB power spectrum is proportional ao E^sB(,\)|'?

/ , , \ ,= E^"nrir2= 4P'1" . - lE-\ lr l :  -
l t  -  r l r 2 r ' u t ' z  r l  -A l  -4 ,1s in2 ( t , I  I

( r 0 . r . 3 r )

(10.1.30a)

( t0 .1 .30h )

( r0 . r .32)

(10.r.r3b)

k ' L : n n .  t - - t lu.1.3lr)

?.)".  J'E",^."., '
, ' ' "Pgrr r+ /a 7ni*

Tf \ e rake rhe irio belween l$o npafr) peul anJ r ]ley oi rhe ASL specfum.

(1+A)'?

a;I (10.1.14a1
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Because &/o/, is a constant for a given mode, we can snnpty use

I I^",".1a,r,. 'a,av
( r0 .2 .11 )

J-- J| a,,r'. r,rl'za'ay

which is approxirnated by dle product of the two oprical confinemenr faclols alonS the t
direcl'on (with a slab geomeq in the efie.live index merhod) and along the ] direcrion
when fie ficld is approximately given by

E, = F(r) G(rt. (ro.2.12)
It is a good approxirnltion for a stnngly index-guided slrucLure, dnd r(a }) 1 I (r) if the
geomeiy along the y direction is uniform such rhat the first part of rhc wave funcrion
F(.{, l,) in the effective index method described irl Section ?.5 can be assumed to be inde-
pendent ot). Index-guided semicorductor lasers have been shown to exhibil excellent
performarce including the fundamEnol mode opemlion, low threshold, high quanium
efficiency, and low tempemhrre sensidviry [33] .

10.3 QUANTUM.WELL LASERS

Quanlum-well (QW) stLrclur€s []2-16,611, as show, ir Fig. 10.19, have beeD used
as the artive layer of semiconductof laser diodes wirh reduced thfeshold cunenr den-
sities comparcd with those for convenlional double-heleroslructure (DH) semicon-
duclor diode lasers. Research on qualrum-well physics and semiconduclor lasers
has b€en of grcat inleresl rccently. For a brief hislory, see Ref. 3, Various designs
such as single quanlum well (SQW), multiple quantum well (MQW), and graded-
index sopuutj-conlincmcn( hctcrostrucrures (GRINSCH) havc bccn used fbt semi
corduclor lasers [21]. As we have seen in Chapter 9, q $nrum-well suuclu€s
show quanlized subbands and steplike densilies of states. The density of siales fol
a qulsi-two-dimensional struclLu€ has been used to reduce rhreshold cunenl
density and improve lemperalurc stabilily. Energy quurtization provides anorher
degrc€ of fre€dom to lune the hsirg wavelengrh by varying rhe well width and the
barier heighl. Scaling laws for quantum-well laseN and quantum-wire lasers show
significarrt reduction of fireshold curreni in rcduced dimensions 1241.

10.3.1 A simprified cain Morlcl -----&
The simplest nodel we will consider is the gair sp€ctrum based ou (,t.q.B W a
finit€ t€mperature, assuning a zen) scauering linewidth t62, 631

s(lo)= I8.qUJ(Et=n a - Ei;) - Ji (Et : ha Ei:)lH \ha Efi )

s^*:co a.I.4.l'lr;k' dD =colt.Ml dD 6,,,,

." ":- d"= *!
" n ceonia - 

rh'I-

(  10.-1. la)

(10 .3 . r  b )

(10.3.1c)
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--F----,L---L^

-\-r.,.t,-r"

-r--'*L-^
**---uLrLa-'

----_-_-_-_-.--.-xln,,-,'
Figure 10.19 Badd-glp pronlc$ lor (i) singlc-qulrrurrvetl, (b) nrtriplc,qu^rrum-Nelt, rnd (c) Sndod-
ndc^ $punre-conliEffefl xcr@sncNo (GRINSCH) senlicodducror h!c$.

A ^>D
&( l Y ^ is Lhc rc.tuccd joinr densily of slaLcs. Thc ovcrlap iDtegrat beLwcax tlc,Lh oonduc

V' /  
" lo" 

sLrbbrnd f fd the urh hole subba d' .  u\ual ly very r lo\e rLJ uniry Jor n=n.
- / and it vanishes if n + n because of the even-odd parily conside|aljon. The

( ^ -.-\ polarization dependent momentum matrix element is lisred in Tahl. q.l for con.tnc-

\ )ASV^) tion L,o he vy-hole rnd light-hole band trunsitions. The occupation factors for the
\ elechrs in the rth conduclion subband and rhe elecfons in rhe mrh hole

subband a.re

t'tu,:r. skt: r;"1;":;al,;:la;,-*,;il* 
(r0.3.2a)

't@,=n'-aii,):iF;ai* ,n ow- (10 3 2b)

la) single Qumtnn-well sepatuc
Connnement Eelercstructurc

(b) Multiple QuantLm-wcll Sepante
Conft remcnt H€t€rosuuoture

(q) ond.d-lndcx scpdatc-cohlirgo&rl
netercslnrcrurc (GRINSCII)
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(b)

Prt.E l\@)
0

Fisurc 1020 (r) Popuhrion inyeBiotr in a qumtuF*el 6ttuctu'c, wh@ q + t7c - Fy > ku > Elt -
ti | + Es. (b) l lrc p@duot ol rhe conducrion blnd den$ily or stdtcs tu(g) md the Fdmi -Di!& @upirion
pbbability i(D for fte calcuhtion ol lhe elect{n d€nairy 

" 
k tloh.n k*r! rhe en€rsy r in rha vertic,rl

$ale. sinildrly, Ar(D j,(I) = a,(A I I - /i(E)l is ploried re"trs t ibr the endgy (, < 0) in rlE $tcicc
bind. Assune |nor the tenpsaturc 7k 0K.

Gain occurs wh€n.ff>fl", that is, lhe popularior inversion is achieved, Fig. 10.20,
It also leads to gr + & - Fv > irr, wherc & and & are the qLrasi-Fermi leveis for
eleclrons and holes, measured frcm the conduction and valence band edges, rcs-
pectively. Only those electrons and holes satislying fte &-selection rule contjbute
significandy to the gain process.

10.3.2 Deteminstion of Electron snd Hole quasi-Fermi Levels

The quasiFermi levels 4 and Iv are determired by th€ caffier concentrations ,1 and
p. which satisfy the charye neun"liry condirion

,+lr '; =p+ir'; (10.3.3)
t* t-

n=l dE p.(E\J"(E), p=l dE pr(Elt f ,(E)l
J 0  J d

Sr,r!:oif
b '

^151 $f 
"1e 

-r.,,1
rrh'L,;j

(r0.3.4)

? A,rn --+- > HtLht4 L)
*r'ra?-'' i^Y',='

where fl(r) is the Heaviside step function, /'(.r) - I ifi > 0, and a(jy) = 0 ir:r < 0.
In lig. l0.2laddFi8- 10.211r, we plol the U oducls pc(E)i(E) ard ph(E) tl i(E)l
ve$us lhe energy E for ? = 0K md 300K, rcspectively. The areas below these tunc-
tions give the canier concentrations r and p.



Figure 10.43 shows [l33l an example of self organized InAs qlranrum dols
inse{ed ir InGaAs quantun well grown on a caAs subsftrrc by molecutar bean
e?itdy Roon tempelature photoluminescence speclrun shows rbar eD emission
wavelength is contmllable turm 1.1 r,o l.3p,m by varying the composirion of
In-Gar,As quantun-well matrix fiom -{ : 0 (1.1 pln for caAs n1atnx) to r : 0.3
(1.3 pn). Figure t0.44a [133] shows the plan"view bright-field TEM image along
Ll00l direction and Fig. I L44b the cross-secrion image under dark-Retd (200) con-
dition for the InAs QD dJray in a 10-nmlnorrcaossAs quanlum weu. InAs-rich clus-
ters in the rcgion of smaller InAs content ore seen in both observation views. The
surface density of rhe islands is estimated as (3-a)xl0'o cm ,. The dor navc a
typical lateral si7-e of abort 20nm and a heighl of 5 6nn1. These siT.es are larBcr
lhan those of the InAs islands formed in a C.rAs natdx. Becausc both rhe eD and
QW 'nlterials are latLice nismrtched 10 the GoAs subslrnrc, rhcrc is a dsk of
plastic smin rclaxation. Neverthclcss. ro misiir dislocations arc rcvcated by TEM
Jur ru lhe choice or rhe QW $iorh anJ rhe l jA, dedFl.rrar ion in lhe e$ l tJ3l .
The samplc $irh rhe OD nrcr,,,e embeddeJ In r;rri;; opti;-i.fu_
shows a Photoluminesccnce (PL) emission of 1.33 pm 11331.

IO,5 STRAI\ED QUANTUM DOT LASERS 461,

Fttrft 10.44 (a) Plan vievoftheb shlneld TEMn.i8c |tons the l00l zone, and (b) dicnnarc ofltre
cross sccrjon uider dark neld (200) condition for thc rhcrurd .ontainins lDAs QD aray in a t0 n'n
Irb.r:CtusAs Qw' (Reprin|ed with pen sion fom l1l3l O 1999 Ahedcan lnstnute ol Physics.)

$o!'t-



462 FI'NDAMENTALS OF SEMICONDUCTOR IASERS

10.5.2 Sponratr€ous Emission, Gain, and Lasing Sp€€trum

In Chapter 9, we discussed the absorption and gain of quantum-dol lasers u40 1461.
The lilling of states of quan$m dots is complicated by tlre inhomogeneous size dis-
tribution and the densiiy of dots or the distance between nearby dots [141]. When fte
inhomogeneous broadening is rcduced, cledr observation of ground-sl-ale and excited-
slatc cmissiori peaks or absorytion pEats an ubsqvdble [41 146]. For example,
Fig. 10.45a 11411 shows the neL l]]j&lgbgulion of a quanrum-dot sample (dots
in a well, or DWELL tr:Sl) sno-wirffi
.nd exc ed slale when there is no curcrt injection. In the prcsen.e of jtrcrcasing
cunent, populalion inversion occurs and a clear gain peak occurs at the ground
state or the excited state at a hjgher curent of 200 mA. Analysis of the gain specrmn
seems to indicale two q asiFermi levels for the ground and exciled sLale. The com,
petition of homogerous broadening and inhomogeneous broadening also leads to

rnoAq!'

(a) o

trt
- l

1 . O  1 , 1  1 2

1.2

\g-o
F

E -60

I -eo
I

-124

I
F

a
t

Phobn .n.4y GV)

Figure 10.45 (r) Tbe net modul lbsorption of fie fiEellyer dolJ in sil (DWELL) wrveguide sftctuE
for TE-poldred ligbt. Tbe lenic.l line indicates the ransiLion energy oi fie {ell. The honzonul dshed
lines indiclte t]re woveauide loss md the Deal absorDtions duo to fie golnd rnd excited $ cs. Tho solid
line is the fitring of the calcnllted ftsoiption spdhh ro thc cxFdnndtal dah. (b) llE .cl nodil lE gain
slcch for pulsed cuft.c per segnenr iur 20 to 200 DA. (Reprnrted Nith pemnsion fon I 141I (O 2004
IEEE.)
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;;;- l./,

a
295 X

o  5 1 0  1 5  7 0 2 5  3 0
cuire'l {n'a}

Fi8urc 10.47 Ouqtu lowcr r dc honogeneons bro etrins oi thc emrnd {rLe Lrnsiriotr (solid
ri('.le9 vcAus nrc i'ljc.rioD cusenr [ 295K nrc soLid cu'Tc is thc nrcxsuitdenr. x*l (he drlhcd cuNc
h thc c.lcnl ion. Thc rinse oi crr€nt for only tnc Fofnd{latc Insing, bolh thc sNrnd stnrc .nd
cxcrcd*tatc l$ings, od oDly thc cxcitcd+tntc lffi|g is slmwtr. wirh rho pdpeDdic0lnr dNhcd lincs $
bonndaics. (R+rided wirh perffission tbnr ll42l i() 2005  mcric.n lffliruLo ol Phtlics )

only thcexcited state arE marked. The honogenous line$'idlh, which is used to Nodel
the lasirg spect|rlm, is rlso shown tls the ighl verticnl axis.

10.5.3 Higb-Spccd Modulstion: Z"Doping rnd Trnncling lnicction

r-Type Doping 1147-1621 A iew mitjof irnp.overnents ni qurnL!tu do( ltl(c'fs
resull flom the p-type doping, lltrlneling iniection, nd subrnonolayer growLh (1br r
recenl rcview, see [137]. p rype doping w s sugge$d as carly as 1988 ll27l 1o
improve the gnio p|operty ol qurnt n-dot lascrs. A xilllplc way to understand the
, vantage ofplype dojDg is llut the hervy'hole s bband energy levcls arc cbsc
to each odrer d e 10 their lrcavicr clcclivc Dass than thalolthccleclrons in thecon-
drciion band. Thcrcforc,lhc holcx spread ou!lhelmdlly inlo va ous subbrnds instead
ol {ilhrg Lhc g(rnd srate complclely nrst, whercas elecflons rend ro occupy lhe
grmnd stare belter because rhe excited stnie of rhe condnctior subbmd (C2) is
Iurther away liDm the grcund slatc (C I ). It implics rh;rl thc number of interband tuzn-
sitions s,.b xs Cl Ht{l is rcdtrccd beciuse no1 ill holes occupy the ground state
(HHl) lbr an undoped quantum dol sample. The holes that sprcad out to HH2
subband do nor rccombinc effccLively with lbose elcctrons of the Cl subband.
Although lhis is an oversimpliGed pjcture, theoretical models and experimental
datl sccm to conlinn sevenl advantages of plype doping. Bxperimenral rcsults
have indeed shown that ihe p-doped 1.3-pm QD lasers have substantially inrproved
pedbmrance fbr shod cavily lengfts, indicaltug ltn ilrcrease in the grouDd slttc gain
,,nJ i \hibir  . \ 'c l rcr i r  rcrnt.cru,,  re lGl; i i i i f i ra) l laT -q.Funl,er e\ tr f lnenrl l  oJ!1
lrql  o, ,  . rolrrne.u, rnd l r .e.  en, i \ . ro.r  of /- . looed ind rnaopeJ 0D neLero" ' ,Lr
lures indeed show that the grcund-slale sponlareous emission of 1be c.t$o[ doped
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I2,2 HIGH.S?EED MODUL{TION RESPONSE

12.2 HIGH.SPEED MODULATION RESPONSE WITH NONLINEAR
GAIN SATURATION

8(u, .s) = 8(r0) -l- s/(tr(r) - "o) ( r2_2 .1 )
I + rs(t)

12.2,1 Nonlinear Gain Saturation

The nontinear gain model g(a .t at high photon density S can be ralen frum [12. 13]

where 80 - g(no) and S' = [69/4,l],-a, is the differential gain al,'ro. The faclor. I +
sS accounb for nonlinear gain saturation, which is imporranr when the phoron
density is l0rgc. Thc foctor 6 is callcd tho gain supprossion cocfficicnt.

dc Solution The steady'state solution at 1 : 10 is obtained from d/1, = 0 in tbe

, "Io _ no * vrga5r
' ' qd  r  1+ .Sa

rffi=&-pn,,1,0.
(12.2.2')

(t2.2.3)

If € + 0, the geneml solution fbr.to cnn be io nd analylically frcm (12.2.3) (see
Problem 12.5). TheMo is obtained from (12.2.2).

Small Signsl ac Anal$is Using the lineaxized ex$Ession by substilulirg
(12.1.10) i r to (12.2.1),  we obtain

" , ,  sr=ff i* foA,ro-, ,  8nru,,  
" . r , , .  t t2.2.41

The small signal ac responses Ar(r) and r(t) satisfy the following equalions 

t

4 lo l , t , l_  I  r -  ? l  f  ̂ /1 ,1  .  l " , i ,h ,  d l  t t225,d , L ( n l  l . -  B I L n ' \ I  L  0  l

where A, ,, C, and D ffe deined as

^ I lu^do
ip (1 + eso)'

^ vasu
- 

(1 + sso)z

, I vg/so
t  1+sso

^ lv"s'So
I + esr)

(12.2.6)
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small-signal frcquercy lEsponse of Lhe tesr laser fof opLical modularion fiom the
pump laser and use the same rale eqnations with a dilbrent source rern ro derive
the elecfical modularion esponse of rhe tesr laser.

Electrical I4iection For electrical micrcwave modularion, the eleclrons d€
inicctcd nom the outd cdgc of tho lefr sepdr(c-confinensncheLerosLNcruE (SCH)
region and the holes froln the outer edge oi llre ight SCH region. The iniecLed car
riers diffuse thrcugb the SCHrcgion and are caplured into rhe QWs beforc rccombin
ing via the stimulated emission frocess The r$nslrort elTecls can bc nodeled bv
laking inro account the carier density in the SCH rcgion, the cnrief densily in the
well region, rnd the photon densiLy separately. Coupling of rhe c rier dcnsity in
the barrier slates above the QWs to the cdlier densiry in Lhe QWs is modeted by
two tenns rcpresentrng c r'ier capture and cscape into or from rhe wclls, rcspectively.
In this crse, three raleequations a|E ne€ded. The solrrcc telm enters tbrongh the iDiec-
tion current in elcclrical modulalion- Thc model considers caricr iDjection lrom the
ouLsr cdgcs oflhe SCH region, dirrsior across fte SCH rcgion, and the subsequenr
caplure and emission of cade.s by thc QW.

Optical lDjoction For optical nrJecrion usiog Ao exLernal pump tascr, ths pnmp
pholon densily acts :N the source !elm. Bcc se thc optical energy of the pump
laser detemines whether the photons m'e absorbed in the well or ir the baoiers,
wc ohoosc thc pump wovclcngrh to bc longcr than rhc bAnd-gap wavcl€!tsrtr of rtro
bffriers and shorter th.m thc band'edge wavelengft of the welh so thdr nbsoDrion
occuls only in thc welh. Comparcd with elecrdcal modulalion, optioal modulalion
with An oplical energy in the $sorption ffge of lhe QW dir€clly rnlu(:es
pholon-genemled ca els iNide rhe lest laser's aclive rcgion via rhe iDicclifl of a
modnlated liser beAm thrcugh one of the tesl laser's niror laccls. Thercforc, l.lre
nl jority of cafliers lmnsporting throuSh the SCH region is nor rcquircd fbf lasing
.tion. allhough the coupling between SCH and QW stAres still exists for oprio.i

modulation. ln this way, optical modulation removes fie scverc bw-frcquency roll-
o1'l due lo the !run spof and pffrsilic el lecls and helps to cladly the i rsic rcsponse.

The ralc cqudtions for botb elecnjcal aDd DpLical iuieriurs are wil|en as

dN(t\  /o) N0) No(,)  A"v)Yu
,h \t.'"- ,6 ,r- ,",v, _______j__== s C+l

ry:*# T T "o**P"'"sr1(r232) sr(t)
ils,/) - (,v!, 4; -t=-\ \-_-r.fir- SC*)_Sf*)
,r, ='"'r , , Y*f '. L-- ---:jr=-r"  s(*)

whete r/ is ,e clectron urit chuge, 8(N,v) is Lhe oplical gflin ar rhe carrier concen
tnlion ,rr'* in dre bound states of the wells, Nb is Lhc canief densiry in the barier
(conilnuum) slates irchrding the SCH and active hyers, S is Lhe photor densily of



I2.5 RELATT\,E INTENS]TY NOISE SPECTRUM
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Figue 12.12 The Ehtive nrtcnsiLy nojs (RlN) spccrun 6 two birs ctrftnrs ubovc tboshot.t, The
{ymh.k {re expa.imcntrl de lnd Lhe solid curuer rre rhe Ur€orcricul t'ir!. no shot noisc tuck!tuund is
dso slbwn 6 the dshcd linc. (Reprinled with pmission ftom 186l O 1992 IEEB.)

oI $e trcqrency. The RIN speotrum is thus given by

Furthfl derivalio$ lbr th€ specml density using (12.5.6) and (12,5.7) lead !o i83, 851

RIN 2sd,(o) (12.s.t2)

( r2 .5 . l3 )

(12 .s . l4 )

sarrr.,; = lr,rro 
ltar 

+ a:r,,,,ry-n rl

H=#f" *'*rt'{*')'
Typically, the last telm (one) in the square bracket oI (12.5.14) is much smaller than
the leading lwo tems, and is thus negligible t851. The exprcssion requircs essentially
four pdamerers: ,1, .,2, a,.. rnd ?, which can be exrtured by fidng rhe expeiimenlal
RIN spectlum at vdrious bias culTenl above threshold. Figure t2.12 shows an
example of the RN specrrun ar two bias currents (symbols: experimenrrl dara:
solid curves: theory) t861. Th€ extacted relaxation fiEquency fiom rhe pell of rhe
RIN spectrum shows a linear dependence on the squarc root of rhe oprical powef

:;T,ij;Ii;ttrl'J:,i1,1ii"r"X,;:":,lT ti'f,l.',::Hffi'"l H::,Hiffi- yet'./.otioru
scnioonduoLor laser under the injecnon locKng condition shows a reducLion in the
RIN noise ltoor as well as an nrcrease of the relaxarion frcouencv controllable bv
rhe injection laser power dnd detuning [87].



I3.3 ELECTROOP C EFFECTS IN \'r'AVECUIDE DEV]CES

13.3.2 Directional Co pler Modulator

For an nrcident optical beam inlo waveguide d in a direcrional coupler modutator, tfie

v = | /^B\'
L ' - ' ,

#sin,(vr)

*n')"'

(13.3.7a)

(13.3.7bi

and

P " - P \ , , , P j , = l  ) b ( t ) f ( 1 3 . 3 . 8 )

wherc the inpul power is $suned to be 1. Because A B.: F,, - Bt, = kn:,41v /1, we
plot the output power & versus ABl. Suppose we desigr the mod lalor wilh r lcngrh I
such (har P,, = 0, ar1d P/,: I,atLB =0(i.e., Kl= 1t/2).ln oder to swilch to P,, - l.
and P, = 0, we r€quire at least ABI : V5z, "r.\suming the lield-induced change in the
rcfr0ctive index alfects rhe corpling coefncjent egligibly. (OrheNise" we can calculate
the field-dependent K and sXill use the expressions fbr P,, afld P, in (13.3.7) and (13.3.8)
to find the output powets.) To swilch fiDm a crcss slate to a pamllel srarc, the upplied
voltage b$ 10 be large enough srlch thd Apl = \,/5? is satisfied. A plot oi 4, vcfsus
LP! lbt Kt = T/2 is sl\own as drc thick solid curye in Fig. 13.10. We lso plor P,,
versus ABI lbr Kl = ?', ond Kl = 3,/2. We se€ thal complete swirohing frcm the
a( oss) stalc !o thc e (pAhllel) slate is possible (lot Kl.: n/2 ot 3n/2). Far
Kl: 7r, where we starl with fie prulllel slale ;ll ABI = 0. ir is impossible ro swirch
to the I state simply by changing ABI alonc. This tuct can also be checked widr the
swi lchirg dirgnn in Fig. 8.1L

- t 0

LBzk
tfigure 13.11r Thc output power lDm eaveguide d ns rfunctior ofAp

Kt=tt

K!=n/2

Kt -3n/2

diEtional couplcr nodulahr
fat Kt : nl2. T, nnrt 7Tl2 tit t 

0
, - , --- / \



I3.5 COUILED MODE ANALYSIS

Iigtrre 13,14 The diagons for rhc diffmtion oflightbysound:(a)kd = ki + k6j od = d, + ot,.nd (b)
k d =  k i  -  k " ,  o i =  d i - o .

. .* Similarly. (13.5.13) coffesponds !o rhe emission ol a phonon f i lm rhe rncidenr
" 

- --F.'-. 
E" i;Gth,ck consLndL. Arso nolins *r'r *, - 9'a. .ra 11 = 1!a. w.

nnd imm (13.5.6) and (13.5.10)

tk. 'vr i  =ik,9lr - !4tnavt.

Because q is along the direction ofki, and rd is along the direciion o[kd, we take r
along the .x dircclion, and

dL ., a,An
;- 

= I^, 'E, '  n, ,r  -  
zccos 0

Jh ,, .aLn- =t^t  ct  ^d. = 
2. co. d

Rec,luse .r"<<.rj, .rd we have od - @i = @ and Kat- Kb= K

K :  , ' L n  , .  ( r  3 . 5 . 1 6 )" zccos 0

The solDlions lor the coupled-mode equation given the initial condilions ,i(0) ,tnd
Ed(O) arc

( 1 3 . 5 . 1 7 )
6,(r) = ti(0) cos K,r + Itd(O) sin,tu
Ed(.r) : td(o) cos r-v + ,ti(o) sin ri.

If ioirially, Cd(o):0. Llc ficid dlplirudcs e

, '2--_\,

! ( <"il;
4 i - ; = ;  

q = q - t
\ ar= L\ @'

Yed^r

( r  3 .5 .14)

0 3.s.15'r)

(13.s.1sb)

E(r) E(0)co.Kl , : r( ' )  = iE(0)\ in Kr. (13 .5 .18 )
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15.2 p-n JUNCTION PT.IOTODIODES

(€) A/,juncdonphotodrode

flguo r5rl (s) A p.n juction dior!. untlar tha ilumination of a uniforn ltght. (b) ft. chug.
dirbibution lr) w.Ltr doplotion dppoxlr!.don. (c) tlc clcc[ic 6cld t(r) obraincd 6!m Oau!!,! law.

Becawe p,0 b independent of r and l, we have at steady state if C(r, t = Go is
indeDendent of 'r and l.

135

1l<0
--J,l*-

(b)

+$w^-)=*".
The above equation can be oolved by summing the homogeneous aod padcular
solutiong

6p,(x\ = cte-t -&)/+ 
+ cze\,-e)/h + CorF (r5.2.4)

wherc k - \6ere is tfie aliffirsion length for holes. The paficular solution is due to
the optical generErion, If the n-Iegion is very long, we can set .2: 0; otherwise,

. \(864&d,AVs,rY1?

(1s.2.3)



15.3 pr:a PHOTODIODES

v<0
1l*]-

Iou' ., ff
t-T-----t-*

t " ^ . . .

ffi'

,1.n"1-rL.*-
4

RL

(b)

(d)

nguF 15.5 (d) A p-i-n photodiode under opLicol iliunindtion lron the p'"'ride, (b) tie ohargc dli5ity
p(r) uidd depletion appbridatioi, (c) rhd stltic elcctiic neld pmnle t(r). (d) the elecilostlric potcntia.l

_,/ldi), 
G) 'h. conducliob qnd val.bc. bnnd ods. ponkd, rnd (0 the opti.d s'Dd*ion nt O(r),

/ '
At steady state, the total photocunent density consists of both a drift and a

diffusion component

(e)

(f) 6(r) = OpLical Scidotioi ro|!

ConsiderinS the /'-region to be of neSligible thickness, we look ot the contribution
i ,  theirt insicr€pion 0<r< W

f ._.
Ja, = -q l  Ct) td) -  -q&i l  -? "" \-  4?Oai) (15.1.4a)

rl = ,7t(r RX1 u "Y)

(  r5.r  3)

(r s.3.4b)

wher€ the minus sign of the drift cunenl dersily accoDnts for the fact liat dre drift
cun€nt flows in the -i directior, and q is the quantum efficlency including
the effects of surface rcflectivity R and finite thickness of the absorption layer W

' . . \ I

. "  A =)DEs 
/// w _(

rfrt 
- 

l,
\ j / +  a = 0  r = w



cl (x)

THOIODSTEC'II}RS AND SOLAR CELLS

propoironal to $e optical iniensity Fofile in the device

Find the minority carier density in the quasj-neutrAl region of the n and p
rcgion in the prcsence of oplical illuminution with ao incident photon flux
(optical intensity) at a given wavelength I for the given generation rate G(jr,
l). The najor equadons are the diffusion equations in the presence of carrier
generation. The ca$ier densities or cuffenl densities have to satisfy the rcquired
boundajy conditions.
Calculate the minorily cufleni density al lhe edge oi tbe deplelion rcgion,
that is,4,( I)  at  r : r j  (= [ i - . rJ on the r-side, and J,( i )  al . r=.r i+rw
the /)-side, where.rw is the depletion width.
Calculate the contribution dre lo the drift current derrsily due 10 optical gener-
atron in the depletiofl region ,/dr(,l')

G(t, i\: Go e "\^Y

Go: rrjtr - R(,\)lo(,\)a(r) (15.6.8)

whereryis the absorption speclmm, O(I) : lopr/hd is tie optical 0ux densiry for an
inciderl optical power intensity 1op, ('W/cmz), ard 

" 
is the inirinsic quannrm efli-

"3.

t ,

ciency to accornl for the average nunber (1007, maximrm) of electron-hole pats
generated per incident photon. Figure 15.21d shows the energy band diagram and
$e quaslFermi levcls for a small forward bias voltage (defired as pos;tive fbr rhe
lr-elechde). To obtain the I-V curve oI a p-n juncrion sola. cell, the key steps are
essentlallv the same as Ihose lbr DhoLodiodes.

2 .

(1s.6.9)

4. The Lotal curcnt density for m incident photon flux at a gjven wavelength is

= 44itl - n(I) l+(i)e-fri(t - e-q").

"r(^) : 4,(.\) + "r,,(^) + Jd,(^)

5. The spectal response is delined as

/0,(,\) = n l'-""

(1s .6 .  r0 )

.(^)

4t1 n(,r) to(,r)
( r 5 . 6 . 1 r )

6. Tbe tota! photocurent is obtained by integrating the producr of the transmitled
photon nux into the solar ce1l and the spectal response to the ma\imum



PHOIODEIECTORS AND SOLAR CELLS

Flgur€ 15.23 (a) The equivalent ci'luit of a lolM @U. (b) The /- y clae in h. lerce of shunL (xd lnd
!qic! (&) sist.ncar. In an jdcrl lold ccll 6c shubr r!!lshn@ i! infniw lhd rhc scrj.s qi6hr@ i! zd.

conversion efficiency is reduced, as shown in Fig. 15.23b

I = Iales\v-r /*sr . 1l-Ion+B (15.6,25)

Fkuft 15.24 A multiple quantun well (MQw) sold cel in a P-l-& stnduE. The intrinsic eeion con-
t itr ndy quantun wlls for enneced absorplion.

15.63 Quanaum.Well and Mulqiuncdotr Solar Cells

Quantum-Well Solrr CeIs By pla.ing multlple quantum wells [11]-121] in the
intrinsic region of a p-!,? structure. it is possible to rcalize solar cells wirh inproved
quantum efficiency, Fig. 15.24. I! is ihportant to maintain rhe builr-in field across

1/ls-
--tzl.-g

Ps$*A
(4 $>3



(3) Enc4, bMd dn8nm

PHOTODETECTORS AND SOLAR CELTI

na 1- C,*'(edZNr s

(w^ P'e'a x"\
t s . > 6

l'|8ure 15.26 (o) Th€ $he'urics lor thc el.ctro!-hole gcnelation 6lc as ! function of opLicd depth ioto
$e mulijunction solarcell irem $c |op wide band Bap in|o |ne bor|on rmw band si! rcEion. (b) The
gcncnrion ratc oieletbn-bolepai6 is pbpo ionrl l,o L\e opticql int€nsity, which d@ays as a funcrion oi
posiLion r. rc\ The ob$|pdor sp*ur or r\e r\8. b0rd gdpr.

can be lattice-mar,ched to subslrales such as Si, Ge, and GaAs, with band gaps that are
complementary to those of other I[-V compound semiconductorc. The absorplion
speclra of some of these materials have been slrown in Chapler 2, Fig. 2.4. Poor
minorily carrier transpoil i, Itr-N-V naierials is a critical rcsearch issue.

Figure 15.26a shows the schemalic for the elecLrcn-hole generation mle as a
lunction of optical depth into the multijunction sole cell from the top wido band
gap into the bottom nanow band gap regior. Figure 15.26b shows the generation
mle per unjl volume of the electl1)n hole pai|s, which is pirportional to the
optic2l ;ntensiry rhst decays inro the solar cell depth The ahsorpiion spectra of all
three band gaps are jlluslrated in Fig. 15.26c. The absorylion of the solar radiation
spectrum by different band gap layers allows for the conversion of morc photons
inlo electron and hole pai$. Carier transpot and collection become important

,r.&. )



(a) Equi librium Circuit

1-1^ far(v-tn.)aeru L

(b) I-V Curve
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(a) Energy Band Dia

(b) Generation Rate

gram
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G(x)

(c) Absorption Spectrum
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Symbol

Speed of lighl in f@ slae

Permiltivity i! nee sprce

: 29979 \ 1O3 m/s
:8.8542 x l0- ' 'zF/n

/ t \
( 1 J 6 ,  

.  t ' r ' F / m )

= 4n t< 10-7 H 16
:1.3807 x 10- 'z3 J/K
: 1 . 6 m 1 9  x  l 0  r ' C

-  9. r095 x10-3rkc
= 6.6262 x lO- 34 tr

f  = 1.05459 .  lu- ra Js

L = 6.5822 x l0-Luevs

=  1 0 - r o m  =  l 0 - 3 c m :  t 0  a p m

= O.529171 A

= - l r ) = 1 3 6 0 5 8 € v

= 1.60219 x l0-re J
= 25.853 mev

Pmeabilily in fiE€ slace

Elemenlary charye

Reduced Planck conslant

Bohr rudius

Ryberg ene4y

Enef sy unit (clccnrcn-volt)

Themal enelsy at 300K

h - J L
2n

1 A

lsI

Useful Foflnulas $d Physicnl Qu0ntitjes

Photon enefgy

Rydberg of an exciion

Boh. lidius of an excitor

Quelized subbard enersy

(innniie bmier model)

Conduction bmd density

h@: r ;  = 
; ' "  

ev,  wherc ^  is  In  {Bm)

n , = ' , " ' , , = 9 4 { , r 3 . 6 o r r " u
2l4ne\) 'h- \E\/.rr

a, : 1{{ = 3131 . e s2e 177 {
n,/ nn

' = 2 - , \ T )

: l l l ^:r.eo::.v,r. i, u, A,
ln'/na)Lz

,. = r(4tr!J'' = r t,,'t' (#*)" * .
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(1) Mdwell's Equations

v ' r =  { u

V . H = J r ;

V  D =  P
V . B = O

Conlinuiry Equation

v. r  - r - lp  -  o

(2) Semiconduclor Elcotrcnics Equalions
V ' (evd ) :  -q ( / ,  n+NJ  -N ; )

T: c, - t,, *lv r,,
. , q

itl I

etl 
= G, , Rt :v..t,,

J,, = op,,r|, + qD\Vn
It  =. lppr- . tDtvt,

ll = -V,,

(3) Densily of-Std1es, A (n)

:o - l1 l  " f
zo _1;f uqr r,,1

, o  t  .@r -
"1.\ 

\,1 h. ,-4.

{4) Fcmi Dlltriburion
Eletron in conduclion band

I
, .  

| - ! f ,  / i ) 4 r l

Electron occupatior prob0bilitt in

h r L r =  
I  + . , r r J J  / a r

Holc in valcncc bAnd

, , ( D = t _ k c ) = _


