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Time-dependent perturbation theory

Consider a physical system described by a time-independent
Hamiltonian (assumed to be discrete and non-degenerate)

Hy oy, = Eq

Suppose that at t =0 a time-dependent perturbation is
applied to the system

H(tZO) =HO “7LH,

where the parameter A << 1. The system is initially in the state
@; which is an eigenstate of H, with eigenvalue E;.

We are looking for the first-order approximation of the
probability Pij(t) of finding the system in another eigenstate

@r of Hy at time ¢.



The Schrodinger equation is

9
ih —w(r,t) = Hy(rt) = (H + AH)y(r,t)

We assume to know the time-dependent solution for the
unperturbed Hamiltonian

0
i a@n(r: t) = HO gon(r, t)

—iEnt/T

Qﬁn(l’, t) = gon(r)e
Expand y(r, t) in terms of the unperturbed eigensolutions

W, ) = ¥, an(t) @, (r)e~Ent/N

dove |an(f)|2 Is probability for the electron to be in staten at ¢



Substitute the expansion in Schrodinger equation

ih %(Z @, () @ (r) e~ Ent/P )

n

= (Ho + .H) (Z MOPNG e-iﬁnfﬂ*’)

n
First term of equation above

i Z da; © () el Z an(t) 5 < (@n(r) eiEnt/1)

n

\ J

Y
@ H{] QOH(I‘, t)

da, (t) i ,_ »
N TR (1) e = — N A (1, ), (8) gy (1) e/
n n
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da, (t ) i |
D S on®) e B = L A (5,000, (0) () €50
n

n

Take inner product with ¢, (1)

dany(t) i | o
:;f - E )LZ a,(t) Hy,(t) e i(Em—En)t/h
n

Hiun () = [ 030(0) H' (1,00, dPr

Now write the coefficientsin the form of a power series
a, () = a®@®) + raP ) + 12aP () + -

We seek the solution to first order in L.



dap(t) i | -
;It -7y AZ a,(t) H,,, (t) e {Em En)t/h
n

a,(®) = a” @) + ralP (@) + 2222 () + -

We have

dag)

dt

day)(t) i o o

T;t T h Zaﬁ,)(f) H' (t) e {Em=En)t/h
n

da(Z)(t) I ) | - )
T;t T h Zaﬁ,)(f) H!  (t) e~ {(Em=En)t/h
n

=0




Fermi Golden Rule

We will use the main results of time-dependent
perturbation theory to determine the transition
probability from one state to another, due to
an external perturbation.

Absorption Stimulated Emission
O
9 E, =ho, E =ho,
ho "\ NS\~
ho "N\~ no NN\ ho A\ e
4,




constantand electron stays in that state in absence of perturbation
(0) rpy
a; () =1

a2 =0  m=i

The first order solution is obtained from Wi =

da(l)(t) i r I i r L
= = Hyy(8) eI Ent/h — = Hip (£) e me!

Assume time-dependent perturbation (e.g., photons) with form
H'(r,t) = Hy, (1) ™0 + Hit (1) e

H'rfni(t) = j(P:n (l‘) Hr(l’, f)@i(l‘) d3r — H';nie_imt + H;?;-EEEMt



Initial staten =i Ofi ="
dalP@t) i
— ——[—[ t —lwmit
0 i(t) e

— (Hmi el(wmi—w)t +Hr’r-ll_i ei(wmi+w)t)
Integrate equation between 0 and ¢t for a final statem = f

(1) 1| ei(wfi—w)t —1 ” ei(wﬁ+w)t —1

h Wi — W wri + W

The associated probability is

‘ (1) (t)‘ Hfl




1 el(wfi—w)t 1 el(wfi+w)t 1
h Wi — W wri + W
sinx = Zii(e‘x e ‘x)
e~i(@ri—0)t _ 1 = 2j¢ oy w)tsin Leon 2_ ok
—w)t A
i sin? G et sne L
2 2 2 —+ X
4 (wfi — w) § (wri + w)

drop cross term
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2 4|H'-|2 sin? (wﬁ _ w)t 4|H’ | sin? (“)fi + “))t
o) =2 2 i 2
f (e 0) e (wpt w)

For a sufficiently long interaction time

2T

t 21t 'y
o [HA 8w = ) + S |78 (g + w)

o@D o) =



21t

2 21t
o) = = [HA| 8w — ) + = |Hft [*6(wpi + )

Using the property S(hw) = 5(0))/?‘2 the transition rate is given by

Weey = gl

Wi = |Hfl| “5(E; — E, —hw)+—|H; *5(E; — E; + ho)



2T
B2

2

2 t it
|a}1)(t)| | le §(wsi — w) + |Hﬁ| §(wsi + w)

Using the property 5(hw) = 5(0))/?‘2 the transition rate is given by

Weey = gl

energy conserving delta functions

&« ~
Wi = |Hfl| “5(E; — E, —hw)+—|H; *5(E; — E; + ho)
) )
Ef=Ei+ha) Ef=El-—ha)

absorption of a photon emission of a photon
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Lecture 6 OQOutline

Total reflection at a dielectric interface
Optical waveguides
The symmetric dielectric slab waveguide

TE and TM mode behavior
Effective index



Optical waveguides

Short distance (device and circuit level)
dielectric slab waveguide

Short and medium distance
multimode optical fiber

Long distance
monomode optical fiber



Reflection at dielectric interface

Plane of incidence

Medium 1
€17 €518
Hl = H—rl “vu
Medium 2
2T €&y
Mz = l»lrz Hu
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Wave Polarization

Perpendicular (TE) polarization

Incident E .

Medium 1 &, =¢&1&,

M1 = Hy1 M

Reflected
wave

wave 1 Xp = === ——— >

Medium 2 &> =g &,

Hl = Hl'l Hu

N WV

Transmitted
wave




Wave Polarization

Parallel (TM) polarization

Incident N
wave Hl ﬂz
(K = = = = == — >

|

I

Dy
7

Medium1l g,=¢g,¢,

}11 = url Hﬁ

Reflected
wave

v z
Medium 2 &,=¢g, g,
H2 = 2 Ko B
9 t&\ Transmitted
B wave
. L~
E ¢ s Ht
D
X
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Angle of refraction

H = Hy = Ho
Snell’s law g A

. fﬂ' & . 2 e
¢, = s : : lsmé?f =sin l[ lsmé’fj
NH2&2 N2

non-magnetic dielectric medium

sin &; Py n
— L= 272 (n = index of refraction)
sin & g N

Reflection coefficients for dielectric media
sin(6; —6;)
sin (6, +6;)
tan(6; — 6, )
tan(6; + 6, )

I (E)=-1,(H)=-

Ly ==1y#H) =~
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Er <& = 6 >0,

Total reflection o )

Medium1l g =¢g,§&,

H1= Ho
Medium 2 &,=¢g,, &, y ﬁt
H2 = Ho
O
When .
. gy . g . ‘
sind, = [“2sinf, = |“2 = sinf, =1= 0, =90°
, e , 31 ,
oy . —1 |€
critical angle 0; =0.=sm L=z
!
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Total reflection

The reflection and transmission coefficients become complex

cost; + j \/ sin” 0; — &5 /8

[ L (E)=-T(H)=

cost; — j \/ sin? 0; — &5/ &

_2 cos 0 — ]\/Sll’l 0; — &5 /8
&
L)y =-1)(H)=— &
cos 6; — ]\/811’1 0, — &5 /8
&]
& 2cos0;
TJ_(E):TJ_(H)\/E: . 21 .
€2 cosH;— \/ SIN” 0; — &5/ &
2\&r /&1 cosO;
Z'“(E)—Z'“(H)\/_ &n 1 &1 COS

/ &
€2 Z2cosH, - ]\/%m 0; — &5 /&
&
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Total reflection — surface wave

Constant amplitude planes
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Symmetric dielectric slab waveguide

fﬂ’fﬁ;h ff,,f/ Cladding )
core g
a] | S cladding &,
f_,.-—f”"f ﬁ/

For guidance one must have
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Symmetric dielectric slab waveguide

medium 1 - Air

| x Guided Mode

£0=1.0
©2 — L
I 3€ — 3
—Z 5 |y
Oimax = 22.7865° £ = 350.0 THz

medium 1 - Air

€q=1.0

X Radiating {Leaky) Mode

S = 350.0 THz
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Symmetric dielectric slab waveguide
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Symmetric dielectric slab waveguide — Numerical aperture

0. =0,

The critical angle at the core/cladding
interface is reached when the angle in air is
the maximum angle permitting guidance.

At the air—core interface

o

sind,,; =
¢r1¢o

0; +60,,=90° = cosf,=sinl;, < O,

sinf,, =

27



Symmetric dielectric slab waveguide — Numerical aperture

At the critical angle

sinf; =sinf,. = | —*=

=1-cos 0 o

. 2
sin” @ otm

. 2
i g sin“ @
=1—sm2f9c:1— r2 _
&1 &1

= sind,,, = \/ &1 — € = numerical aperture

orm

. —1
Qom = sin \/grl — &2
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Symmetric dielectric slab waveguide

We consider again TE and TM modes. Only certain angles of
incidence are allowed, but here the reflection coefficient for total
reflection is a complex quantity, introducing a phase shift in the
reflected field, which depends on the angle of incidence. In the
case of metal plates, instead, there is always a phase shift of 180°
for the tangential electric field.

In order for the angle to be accepted, the wave needs to establish a

self-consistent constructive interference pattern for any point
Inside the core, as indicated in the figure below
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Symmetric dielectric slab waveguide

Consider a point A in the core of the wave guide and a wave front
moving from it reaching point B. The phase shift for the phase
planes moving from Ato B is

AB cos 6;

Ao IS the wavelength in vacuum at the given frequency of operation.
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Symmetric dielectric slab waveguide

The wave front reflected at point B experiences a phase jump equal
to the phase of the complex reflection coefficient. Assuming a TE
wave, or perpendicular polarization,

\/e_lmsé[.-+j\/g\/gl / &, sin’ 6; —1
Al,’DZ:Zr_L(E)B:Z »

\/gmsé'f—j\/g\/gl/gz sin” @; —1

cosé’;+j\/sin2 0; — &y /&4

cos 0; — j\/sin2 0; — &y /&

= 24((:05:9; + j\/sinz 0; — &5 /&4 )

-1 \/Sinz 91, — & /51
cos &;

= 2 tan
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Symmetric dielectric slab waveguide

Then, the reflected wave experiences a phase shift when moving
from B to C

Ap3 =—p-BCcosb; = — 27 BC cos 6;

/10 / &1
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Symmetric dielectric slab waveguide

The wave front reflected at point C experiences again a phase jump
equal to the phase of the complex reflection coefficient. For a

symmetric waveguide

= Apg=A@p;

\
\/7(:096' +j\/_\/smzt9—1
k\/_(:0@.6? Jf\/ﬁlnzﬁ—l
J

, &
\/smz 6; — =2
_ &
= 2tan" ! 1

cos 0;

Apgy=2L1 ) (E)c =
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Symmetric dielectric slab waveguide

The reflected wave experiences a phase shift moving from C back
to A

Aps =—py-CAcosl; = —

CA cos6;
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Symmetric dielectric slab waveguide

For constructive interference (self-consistency), the sum of all the
phase shift components must be equal to a multiple of 2x

_ (AB+ BC + CA) cos&; + Apy + Apy = —2m,
/10/ &
m=0,1,2...
with (AB+BC+CA)=2d
\/sinz 9;—8—2
2rd 1 €1

= cosl: —mmr=2tan
Ao/ Er ’ cos 6;

m=0,1,2...
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Symmetric dielectric slab waveguide TE modes

Taking the tangent of all terms we obtain the characteristic equation
for the TE modes.

. &
p \/ sin’ 0; — “2
wdye mi &
tan rl cosl; ——— | = L m=0,1,2...
cos 6;

0

In terms of even and odd solutions, we can rewrite

. 2 &2
/ \ \/ sin” 6; — — Even modes
g
1
= g(cosb,) m=0,2,. ..
Edﬂé‘ﬂ COSQ:' " I ’,
tan CoS 6’; = 9 Odd modes
0 cos 0, 1
N — — = — m=1,3, ...
. f(cos8;) / 2 &  8lcosH)
| ' sin” &; ——
' ‘1




Symmetric dielectric slab waveguide TM modes

The characteristic equation for TM modes is obtained by using the
reflection coefficient for parallel polarization in the derivation

d\/— \/sinz 9;—8—2
tan(’7r igrl m;r]: “1 , m=0,1,2...
o

sO; ———
O (&2 /1) cos0;

or, in terms of even and odd solutions

. 2 €2
/ \ \/ sin- 0; —— Even modes
£
1
= g(cos ;) m=0,2,. ..
d.le. (£y/8)cos8; ° I o
t rLeos@; | =4 2 1 '
an SUr | = Odd modes
0 (32/81)(:059],-_ 1

k‘ —— - = - (03 0,) m=1,3, ...
(cosO:) ) c o(cos 6.
f(_‘LO“’ r,} \/Sinz 95 22 8 i

&
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Symmetric dielectric slab waveguide

A tan ( f( COS 91’ )) Example of graphical solution of the
characteristic equation for the modes in a
symmetric slab dielectric wave guide
m=1(
g(cos ;) g =
m=4
m = 6 .
M -
. cos 6;
G:-=— /m=1 { m =3 0; =0,
l
2
m=35 1
_~ g(cosb;)




Symmetric dielectric slab waveguide

The cut-off frequencies for the modes are obtained by observing
that at cut-off the angle of incidence is minimum (critical angle). At
the critical angle, the characteristic equation is

. 2 %)

sin“ 0, ——=

d\/&, \/ € g
tan(ﬁ cosﬁc—n;ﬁ] = “1_9

cos O,
.2 €2
sin“ 6. ——~
d\/e, € g
™ tan(” cos@c—m]: ‘1 _y
¢ 2 (&5 /1) cos0,

-1 (&2
€1

since &.=sin

;rrd,\/
for both TE and TMmodes = L cos 0, = ”;jr



Symmetric dielectric slab waveguide

The cut-off wavelengths (referenced to free space as usual In
optical wave guides) and the corresponding cut-off frequencies for

the guided modes are
Zd,/
\/ 1—sin?

2dr
2d 2d
\/6}1\/1_ r2 _ . \/&}1 £

Ape = cosl,. =
m &1

f= € _ e , m=0,1,2...
Aoc 2d\/5r1 — &2

The fundamental modes are the TE;, and the TM, with zero cut-off
frequency.

TE and TM modes with the same index form degenerate pairs with
identical cut-off frequencies.
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Field Solutions — TE modes case

wave equation (V: + {}):JUS)E =0

([~ —ofx]-dnr2)
even E =%l 0

. y
solutions T C,cosk_x

propagation condition
along z

K+ kX = e

wave vectors

—o” +kI =wue

xl=>d/2
x|<d/2

X
d
2
E
0_._! _____ !:tl_e,
Z
d
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Field Solutions — TE modes case

Boundary conditions

E, and H, continuousatx = d/2 andx = —d/2 X T
e U
d
] 2
C,=C, COS[klf—] 0.1 M,
2 z
d
k. / 2
ECG =C,— sm(kx(—] e wu
u u, 2
/ From Faraday’s law
—> azikttan(kl(—] P
Hy EEJ’ =—jo u,H.
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Field Solutions — TE modes case

wave equation (v: + ﬂ):JLIS)E — 0 xT )

) U
Coe ™ xzar2 27 P
. 1 1
Soﬁli?ons E}‘ — eikz: ) Cl SlIl kx.x |.X| S d / 2 0--=-= === Z
T —C ea(\_r\m/z) x<-d/2 _¢4
%o 2
E M

propagation condition
along z

K+ kX = e

wave vectors

—o” +kI =wue
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Field Solutions — TE modes case

Boundary conditions
E, and H, continuousatx =d/2 andx = —d /2

C, =C, sin(k (2—[)

— KCO = Clﬁcos (k (—[)
H Hy

y

—>  a=-Li cot(k f—Z]
4 2

I
) H
2
E
O_._! _____ !:ll_e,
Z
d
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Graphical solution

We have k:+k>=mue, — ﬂ
T . ki +o0” = UE —W UE
—0 +k; =W UE
. : d d
Coordinate transformation Y _—4t = and Y =o—
"2 2
2- i - 2- ’ ., ) o) . ) d ’
(—J X’ +(EJ Y =0 (e -pe) = X' +Y°' = w[zj (11,€, — ue)
| N v J
ko = w\VloEo R2
H1€1
" Ho€o
R d ( ) k d \/ 2 2
= W\ — — — - -
T 5 | LH1€1 — HE o5 |yt~ ™
Ho€o 45




Graphical solution

Coordinate transformation X =k d and V= Qﬂ
X 2
even modes odd modes
[ d
a=r tan(k i] a=-2p cot(k —]
ﬂl 2 ‘Lll 2

ad Xtan X TE even
H,

_* XcotX TEodd
L A




Cut-off condition

d d T
R =w(515>(u1£1—,u£) = (k(’E) \/n%—nz =m>

m=20,1,2,...]

For single mode operation:

d T
(kof) \/n% —n? < >

/22 (Ao’
"%‘"2<<kod/z>2‘(ﬁ)




Graphical solution

d
*2
48




Graphical solution




Low Frequency limits

At cut-off condition R=mmn/2 (m=0,1,2,..)

a |, , T
ko= [nf —n“=m—

2\ 2 K+ k> =m e
a = —g‘+k;:w'ye

= a)r (since a = 0)

At low frequency the propagation constant approaches that of the cladding
medium outside the waveguide
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High Frequency limit

At high frequency R — o 2 2 2

—o” +kI = ue

d [
kx§—> (m+1)=

n
kK, = w\/ll1& = (U?

At high frequency the propagation constant approaches that of the core
medium inside the waveguide. There is very little power in the cladding.
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HF limit

d
)l (a—2_) : : |
| |
2 4 ; | |
|
R= ko-%(n%—nz)”z ~% : IE; ; L :
_____ | | :
| : |
| |
| I |
| ! |
| ! |
| ! |
| | |
| I 1
l : :
' {
1 k d
. . .E R T l’.l_. )( xz)
LF|limit 2 2
A k. k, = [ &
=%n]
HF limit
k. = w-jue
TE _ W
° / g, | B2 =cn
LF limit
i
: :
' ! > 0 /g = ko
i 2 52




Effective index for the guided modes

Ky
el T ko
_2mho _ [ ¢©

neff B 7\,2 2TC Vpz |

Nerr = Nq SING
n=<MNegrr <Ny

i
) »hy=—
W.; W
O C
Mo
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Normalized frequency

V = kod\‘ ns —n2

Vzi—td\/n%—nz =f27nd\/n%—n2

\ J
Y

contains all the information on wave
guide geometry and materials
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Normalized propagation parameter

2 2

~ kf—wzp_g N —1

p=— 2 . 2 2
O°LE —WUE n;—n
A

1.0

0.5¢

V= f\'o(l’(n:f — n?)12
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Validity of refraction index model

The theoretical analysis provides always good insight
but it has assumed that the refractive indices are
independent of frequency.

This is true only in ideal dielectrics. In real media,

particularly in semiconductors, this is generally not
true.
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Symmetric dielectric slab waveguide

Magnetic field components for TE modes are obtained from
Faraday’s law

VxE=-jouH
U
! : _9E - jouH
;x ;}’ ;z az y Jﬂ)ﬂo X
0 5@/ 0 0 0 .
det| — — |==—E,——E.=—jou,H,=0
Gh% y 0z oz © ox ° /@ HoTy
E,=0 E, E;=0 O E - iouH,
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Symmetric dielectric slab waveguide

For example, the transverse magnetic field component is
proportional to the (transverse) electric field. In the guide core:

0 :

—a—zEy =—Jo poH
Even) — ;Eo cos( fyg - X) ¢ /Pt

ré .

5 o :_szuon
Odd) - E, sin( /iy - e IP*

ré

E —ifB.=
P Ccos(fy1 - x)e 1Pz* (Even)
_ w

= H--Pig,- O

* @ [y - P-E,

sin( By -x) e 775 (0da)
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Symmetric dielectric slab waveguide

Electric field components for TM modes are obtained from
Ampere’s law

VxH= josE
J
_ i} 0 :
A N - Hy = jo ok,
0 0 0 0 0
det| — Zi/ — |= Hy-—H.=0=jocE,
ox y 0z oz ox ‘
H =0 H, H=0 agHv—: Jo €E .
A

Next, is a summary of all the field components parallel to the plane
of incidence.
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Symmetric dielectric slab waveguide — Field Expressions

Even TE modes

A

Odd TE modes

o

fEa Cos(ﬂxl ' d/Z) e X2 (x—d/Z)e—jﬂzz B &2 d/2
E, cos( [y - X) e IPi 0> g df/z
E,cos(f-d/2) eOx2(x+d12) =Pz o
Epsin(fy-d/2)e 2D
E,sin(fy - x) ¢ IPi 0> 4 d;"z
E,sin(fyq -d/2)e*2 (x+d/2) ,~jP:% £
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Symmetric dielectric slab waveguide — Field Expressions

Even TE modes
_a)ﬂ; E, cos(fq-d/2)e “*? (x=d/2) =IF:2 4 )
o . _ 2 d/fz
o, = 4 _(ﬁz/a}ﬂﬂ) E, Cos(ﬁxl ' x) e_fﬁz" " o 7/
—d/2
. . _ig - £
P E, cos(fq-d/2) Fx2 (A1) I ?
o U,
( o, _ - _iB. -
—;};2 E cos(fq-d/2)e axy (x=d/D) ~IPT g
g {
0 ; _ 2 d/2
. . —-Jp-z 1« |
o=l i(Bafom) Epsin(a e P 0
. : —jiB.z £y
%2 E, cos(ﬂxl - d/ 2) 2D, IP: :
o U,
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Symmetric dielectric slab waveguide — Field Expressions
Odd TE modes

-~

- ﬂz Eo Sin(ﬂxl -d/ 2) e_a'ﬂ (x—d;’l)e—jﬁzz Tx
o U g f
¢ - : d/2
_(ﬂz,/a)ﬂﬂ)Eo Sin(ﬂ\l 'x) e—}ﬁ;«» ’ “1 d/HZ
- . —if3 - &
P E sin(f - d)2)e™2 41D 7 ib 2
@ U,
i B 3 o
_ J x2 Eg Sin(ﬂxl . d/Z) e X2 (1 de)e Jﬁz" x\x
a‘)yﬂ‘ 82 {
5 - d/2
. / —Jpb-z i 2
J(/Bxl/a)ﬂo)Eﬂ Cﬂs(ﬂxl 'x)e ) ! “1 I/l2
_(Ill
JZ 2 &

Ea Sin(ﬂxl . d/z) eﬂ'_x-z (I-I-de)e—jﬁzz

o/,
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Symmetric dielectric slab waveguide — Field Expressions

Even TM modes

H, =

Odd TM modes

~

.

H cos( Sy -d/2)e ~axy (x=d/2) = jP;3 ' x -
Hycos(fa-x)e 75 o Ea
H Cos(ﬁxl d/z) a’xz(x+d/2) —jp-z - ;
H,sin(fq - d/Z)e_afo(x—d/Z)e—jﬂzz I x -
H,sin( Sy - x) o Pt NN .
—H,sin(f-d/2)e x2(x+d/2) = B3 -
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Symmetric dielectric slab waveguide — Field Expressions

Even TM modes

~

_ ﬁz Hg Cﬂs(ﬂxl . d/Z) e—axz(x—dfl)e—jﬁzz 2 x
(082 52 /
—Jjp;z %
Ex =< _(ﬂzﬁ/mgl)Ha Cos(ﬂxl ' x) e - ’ “1 1/~
- . —1G. &
B (ﬂxl.d/z)eaxz(1+df2)e jB.z 2
&)82
J%x2 H, cos(ﬂ 1 d/Z) Gy (¥=d/2) ~IP% 4
0)82 82 /
- dj?2
Ez = < ](ﬂxl/ftﬁ)gl)Ha sin(ﬂﬂ x) e_jﬂz” 0T— & d/fz
o s P
_J%x2 Hﬂcos(ﬂ | d/z) Gyy(x+d12) —jp; 2
@ &£
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Symmetric dielectric slab waveguide — Field Expressions
Odd TM modes

-~

Py H,sin(pq-d/2)e " (x=di2) ~iF:% 4

— \x
¥ £
2 . i 2 d/fz
_(ﬂz;/wgl)Hﬂ Sm(ﬂrl 'x) e—fﬁ;«» ’ “1 /
: —d/2
. . _:in . £
Pz H, sin(ﬂﬂ : d/Z) g2 (D) mIp :
@ £ '
- ) 3 o
P52 g sin(py - d/2) e 24D
D &, ' &y
: - d/2
~i(Ba/os) Hycos(py x)e 0 a
—d/2
JZ 2 €

H, sin(ﬂxl od/ 2) pOx2(x+d12) —Jf;z

(06'2
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Reading Assighments:
Chapter 7 of Chuang’s book

Chapter 7 of Coldren & Corzine’s book (supplement)



