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Lecture 13 – Outline 

• Magnetostatics 
– Ampere’s Law 

– Current sheet 

– Solenoid 

– Vector Potential 
 

 

Reading assignment  

Prof. Kudeki’s ECE 329 Lecture Notes on Fields and Waves: 

13) Current sheet, solenoid, vector potential and current loops 
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Ampere’s Law 

Maxwell’s equations for static magnetic fields 

 

 

 
 

Take the flux of the curl through an open surface 

 

 

 
 

 

 
current that crosses the 
area encircled by the 
closed circulation path 
around the surface  

Stoke’s Theorem 

differential form of Ampere’s Law 

integral form of Ampere’s Law 
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Volumetric current density is measured in 𝐀 𝐦𝟐  

but in the limit we can have current flowing on a 

surface of infinitesimal thickness or on a filament 

of infinitesimal cross-section 

 

Volumetric representation of 

 

 

surface current density measured in 𝐀 𝐦  

line current density along z-axis measured in 𝐀  
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Example – surface current density flowing on plane 𝒙 = 𝟎 

 

 
Find the total current in Ampere units 

1.0 
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Example: Two parallel electrical wires carrying a 

current, interact with each other. 
 
• If the wires have opposite currents, they repel each other.  

• With currents in the same direction, they attract each other. 
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Wire 1 carries current 𝑰𝟏  and 

generates field 𝐁𝟏 at distance 𝒅 

Force exerted on a length of 

wire 𝒍 with current 𝑰𝟐 

Force per unit length 

Similarly 
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Magnetic Field of infinite sheet at 𝒙 = 𝟎  with surface 

current density 

𝑥 

𝑦 

𝑧 

𝐿 

𝑊 

𝐶 

Symmetry of the 
problem suggests  

odd function of 𝑥 

current density 
out of the page 
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Magnetic Field of infinite sheet at 𝒙 = 𝟎  with surface 

current density 
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Magnetic Field of infinite slab with uniform current density 

𝑥 

𝑦 

𝑧 

𝐿 

𝑊 

𝐶 

We assume again 

odd function of 𝑥 

𝑊

2
 −

𝑊

2
 

current density 
out of the page 
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Magnetic Field of infinite slab with uniform current density 

𝑥 

𝑦 

𝑧 

𝐿 

𝑊 

𝐶 

We assume again 

odd function of 𝑥 

𝑊

2
 −

𝑊

2
 

current density out of the page 
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Magnetic Field of infinite slab with uniform current density 



The hypothetical analogue of an electric point charge 

would be the “magnetic monopole” but elementary 

magnetic systems always come as “dipoles”. 
 

       does not have an official name but it could 

be called the “law of non existence of isolated 

monopoles”.   

For analogy, it may be called “Gauss law of magnetism” 13 

Electric and Magnetic Dipoles 
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Solenoid 

A tightly wound solenoid is a good way to approximate a DC 
surface current.  If a current 𝐼 is injected in the wire, it produces 
an effective surface current density  

current loops per meter 



𝑳 

𝑪 

𝑰 
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Example – Determine the magnetic field of an infinite 

solenoid with 𝑵 loops per unit length (counterclockwise as 

seen from the top), stacked in the 𝒛 -direction, each 

carrying current 𝑰. 
 

With tight winding, thin wires and infinite length we may 

assume:  

• 𝐁 = 𝟎 outside the solenoid 

• 𝐁 independent of 𝒛 inside the solenoid 
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Magnetic Vector Potential 
 

Static magnetic fields are divergence free and described 

by the equations  

with 

Since the divergence of a curl is zero, we can express 

mathematically a field                   as  

 

for any vector field                                  which we call vector 

potential.  
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The vector potential is somewhat analogous to the 

electrostatic potential 𝑽. 

 

 

In electrostatics we can assign a reference 

𝑽 = 𝟎 to any point which is convenient, to 

specify completely the problem. 
 

 

In magnetostatics we can assign the 

divergence            to be a convenient scalar 

(as long as, in doing so, we respect the 

physical properties of the solution).  
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Coulomb “gauge” (choice) 
 

The standard assignment of the vector potential 

divergence in magnetostatics is the Coulomb gauge: 

 

 

 

With this choice 

 

 

 

From Maxwell’s equation 

magnetostatics version 
of Poisson’s equation 
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General current density distribution 
 

The integral approach to find the solution is similar to the 

one stated for the electrostatic potential in the case of a 

general charge distribution 

 

 

 

Green’s function for the 
magnetostatic problem 

vector 
vector 

Once the vector potential is found, the magnetic induction is 
obtained by performing a curl operation 
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Magnetic flux density (induction) of a single current loop 
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Magnetic flux density (magnetic induction) of a single 

current loop of radius 𝒂 on the 𝒛 = 𝟎 plane 
 

As a general approach we can express the current density 

as a volumetric distribution 

We can insert this expression in the general integral solution for 
the vector potential to obtain the 𝒙 and 𝒚 components (𝑨𝒛= 𝟎) 
from which the vector 𝐁 can be obtained by taking the curl. 

delta function 
for 𝑧 = 0 

delta function for 
coordinates of a 
ring of radius 𝑎 unit vector for 

azimuthal 

direction 𝜑′  
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𝑥 

𝑦 

(𝑥′, 𝑦′) 
𝜑′  

𝜑′  

on the azimuthal plane 

𝑦′ 

𝑥′ 

𝜑  
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The curl terms are, with 

There are no close solutions to the integral for general 
coordinates and integrals have to be solved numerically. 
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However, an analytical solution can be obtained for the 

axis of the loop where only 𝑩𝒛 ≠ 𝟎 
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EXTRA – For this problem it is possible to perform 

integration of current elements along the ring to find field 

values along the axis (Biot-Savart Law) 

Because of cancellation of components 
on the 𝑥-𝑦 plane, there is only 𝐻𝑧. 
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For a fixed point 𝑷(𝟎, 𝟎, 𝒛) on the axis of the loop 

With 

as found previously 
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Numerical solution 
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Numerical solution 


