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Lecture 14 – Outline 

• Vector Potential 
• Example – Magnetic field of single current loop 
• Time-varying fields: Faraday’s Law 
• Electro-motive force (e.m.f.) 
 
 
 
 
Reading assignment  
Prof. Kudeki’s ECE 329 Lecture Notes on Fields and Waves: 
14) Faraday’s law and induced emf 
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Magnetic Vector Potential 
 

Static magnetic fields are divergence free and described 

by the equations  

with 

Since the divergence of a curl is zero, we can express 

mathematically a field                   as  

 

for any vector field                                  which we call vector 

potential.  
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The vector potential is somewhat analogous to the 

electrostatic potential 𝑽. 

 

 

In electrostatics we can assign a reference 

𝑽 = 𝟎 to any point which is convenient, to 

specify completely the problem. 
 

 

In magnetostatics we can assign the 

divergence            to be a convenient scalar 

(as long as, in doing so, we respect the 

physical properties of the solution).  
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Coulomb “gauge” (choice) 
 

The standard assignment of the vector potential 

divergence in magnetostatics is the Coulomb gauge: 

 

 

 

With this choice 

 

 

 

From Maxwell’s equation 

magnetostatics version 
of Poisson’s equation 
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General current density distribution 
 

The integral approach to find the solution is similar to the 

one stated for the electrostatic potential in the case of a 

general charge distribution 

 

 

 

Green’s function for the 
magnetostatic problem 

vector 
vector 

Once the vector potential is found, the magnetic induction is 
obtained by performing a curl operation 
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Magnetic flux density (induction) of a single current loop 
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Magnetic flux density (magnetic induction) of a single 

current loop of radius 𝒂 on the 𝒛 = 𝟎 plane 
 

As a general approach we can express the current density 

as a volumetric distribution 

We can insert this expression in the general integral solution for 
the vector potential to obtain the 𝒙 and 𝒚 components (𝑨𝒛= 𝟎) 
from which the vector 𝐁 can be obtained by taking the curl. 

delta function 
for 𝑧 = 0 

delta function for 
coordinates of a 
ring of radius 𝑎 unit vector for 

azimuthal 

direction 𝜑′  
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𝑥 

𝑦 

(𝑥′, 𝑦′) 
𝜑′  

𝜑′  

on the azimuthal plane 

𝑦′ 

𝑥′ 

𝜑  
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The curl terms are, with 

There is rotational symmetry about the axis.  We may 
solve on a convenient plane, choosing for instance the 
plane corresponding to  
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There are no close solutions to the integral for general 
coordinates and integrals have to be solved numerically. 

One can show that: 

On the plane 

(symmetry) 
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However, an analytical solution can be obtained for the 

axis of the loop where only 𝑩𝒛 ≠ 𝟎 
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EXTRA – For this problem it is possible to perform 

integration of current elements along the ring to find field 

values along the axis (applying directly Biot-Savart Law) 

Because of cancellation of components 
on the 𝑥-𝑦 plane, there is only 𝐻𝑧. 
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For a fixed point 𝑷(𝟎, 𝟎, 𝒛) on the axis of the loop 

With 

as found previously 
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Numerical solution 



17 

Numerical solution 



Time-Varying Fields 
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Faraday started from magnetostatic.  Since a steady 

current produces a magnetic field, he made the hypothesis 

that the reverse should be true: a steady magnetic field 

should produce a current in a wire (this is not true, 

unfortunately!) 

 

 

 

 

 

 

 

 

a steady flux from the coil 
does not move the needle  
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If the switch is flipped on or off, the magnetic field in the 

coil has a sudden change and the loop connected to the 

galvanometer causes a brief deflection in the needle. 
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A galvanometer is a predecessor of voltmeter and 
ammeter.  
 

When the galvanometer detects a change of current flow 
through the coil, a voltage has been induced across its 
terminals.  
 

This voltage is called the electromotive force (emf) and the 
process is called electromagnetic induction. 
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Faraday’s Law 
 

Differentials form of the law.  A change in time of the 

magnetic induction field induces an electric field which in 

turn can drive currents in wires which are in proximity: 

 

 

 

 

 

Faraday’s law tells us that the curl of the electric field in 

time-varying conditions is non-zero. 

 

We have now an explicit link between electric field and 

magnetic field.   
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Faraday’s Law 
 

Integral form of the law.  Integrate both sides of the 

differential law over a surface concatenated with the 

magnetic field lines 

 

 

 

 

 

 

 

 

 

 

 

 

Stoke’s 
Theorem 

𝑺  can be any surface bounded by the contour 𝑪 

magnetic flux  
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Electro-motive Force 
 

 

 

 

 

 

 

 

 

 
 

Assuming that the contour 𝑪 is an actual circuit path, with 

total resistance 𝑹, then the emf generates a current 

left-hand side of Faraday’s Law  

right-hand side of Faraday’s Law  
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The contour 𝑪 may be moving or experiencing 

deformation (think motors, generators, …) 

 

 

 

 

 

 

 

Faraday’s law takes the form 

 v  is the velocity of movement or deformation  
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An emf can be generated in a closed conducting 

loop under the following conditions: 

 

1. time-varying magnetic field linking a stationary 

loop (transformer emf) 

2. moving loop with a time-varying area (relative 

to the normal component of B) in static field B 

(motional emf) 

3. A moving loop in a field B which is time-

varying (or inhomogeneous) 
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Practical implementation of stationary loop in changing magnetic field 

 

 

 

 

 

 

 

 

 

 
 

equivalent circuit 
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Lenz’s Law 

 

The polarity of the emf and hence the direction of 

the current are governed by Lenz’s Law stating 

that the current in the loop is in a direction which 

opposes the change of magnetic flux producing 

the current.   

 

This accounts for the negative sign on the right-

hand side of Faraday’s Law.  
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Stationary loop in changing magnetic field 

> 0 

< 0 
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How could we magnify the effect? 



magnet moves when 
shaking flashlight 

many turns of thin 
copper wire 31 

How could we magnify the effect? 
Use N turns instead of one 

“Faraday” flashlight 
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Example – Stationary circular loop of radius 10m 

with resistance R, counterclockwise circulation. 

Find the current.  

 𝑧 

𝑑𝐒 
𝑛  

𝑟 = 10m 
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𝑧 

𝑑𝐒 
𝑛  

𝑟 = 10m 

Area Constant Field 

emf 

+ 

− 

𝑰 
𝑰 =

 

𝑹
 

𝑩𝒊𝒏𝒅 strengthens the 
decaying field 
with negative 
derivative of total 
concatenated 
flux 
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Example – Find 𝑽𝟏  and 𝑽𝟐  across resistors (ignore 

resistance of wires) 
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and the corresponding emf is 
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The magnetic flux through the loop is along −𝒛 (into the 

screen) and it increases in magnitude with time 𝒕. 
 

Lenz’s law states that the induced current 𝑰 should be 

directed so that the magnetic flux 𝐁𝐢𝐧𝐝  it induces 

counteracts the direction of change of .  Therefore, the 

induced current flows as in the figure. 


