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Lecture 22&23 – Outline 

• Phasor wave equation 

• Conductivity in realistic media 

• Wave attenuation 

• Poynting vector (power) attenuation 

• Examples 

 

 

Reading assignment  

Prof. Kudeki’s ECE 329 Lecture Notes on Fields and Waves: 

22) Phasor form of Maxwell’s equations and damped waves in 
conducting media 

23) Imperfect dielectrics, good conductors 
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TEM wave in phasor notation 

The field amplitudes may be complex (there is an additional phase) 

The corresponding time-dependent fields are  
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Representation of Electric and Magnetic field in space  

Cosine peaks after 𝑧 = 0 indicating  
that there is a phase  𝝓+ 

𝑡 = 0 



5 

Example – The electric field of a 1 MHz plane wave, traveling 

along +𝑧 in air, is 𝑥 -polarized.  This field reaches a peak value 

of 1.2π (mV/m) at t = 0 and z = 50 m.  Obtain  expressions for 

E(z, t) and H(z, t) and then plot them as a function of z at t = 0.  

 

At 1 MHz: 
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The field is maximum when the argument of the cosine 
equals 0 or 2π.  Peak value was stated to be 1.2π (mV/m) at 

t = 0 and z = 50 m 

using the approximation 

note choice of units 

= −𝜋 3  when 𝑧 = 50m 
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𝐜𝐨𝐬
𝝅

𝟑
= 𝟎. 𝟓 



8 

𝜋

3
 

𝜋

6
 

𝑧 

𝜋

2
 

𝑡 = 0 phase 

50m 25m 

𝛽𝑧 

 



9 

In the phasor domain, we can substitute 

so that Maxwell’s equations are rewritten as 
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The auxiliary constitutive relations simply become 

In general, the physical parameters 

𝝐, 𝝁, 𝝈 are function of frequency. 

Example: relative permittivity of water 
this is the usual real relative permittivity 

but there is also an 
imaginary  part due to 
the conductivity losses 

Nature – Scientific Reports 
5(1):13535, August 2015  
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Wave equation in phasor form 

Let’s assume at first that we are away from charges and currents and 

that the medium has zero conductivity.  We can transform directly 

equation in time-dependent form 

d’ Alembert equation 

Helmholtz equation 

See in the notes equivalent derivation starting from  
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1-D model with 𝒙-polarized phasor electric field 

Elementary solutions 

1-D Helmholtz equation 

General solution 

forward wave backward wave 
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The coefficients 𝐀 and 𝐁 are the amplitudes of the wave 

solutions and can be complex due to a relative phase: 

The complete solution for the forward wave can be written as 

where 

and we recover the time-dependent solution  
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The corresponding phasor of the magnetic field is 

obtained from the phasor form of Faraday’s law 

For our 1-D solution with 𝒙-polarized electric field 

no 𝑦-dependence 
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Finally we obtain 
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Now we consider general media with conductivity due to 

free charges, but assumed to be neutral with zero net 

charge.  Material properties are described by   

The curl Maxwell equations become 

It is as if the material conductivity introduces an imaginary 

part for the permittivity 
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We can now obtain the Helmholtz wave equation 

Note: we have set the divergence of the electric field to 

zero, even if there are free charges, because we assume 

the material to be charge neutral overall. 
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In 1D the wave equation is 

with general solution 

The magnetic field becomes 
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The propagation factor is complex 

and also the medium impedance is complex 

These parameters describe the behavior of general media 

with conductivity which causes attenuation (damping) of 

electromagnetic waves.  They are functions of frequency.   
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Materials can be classified based on their conductivity, 

starting from ideal limit cases 

Perfect Dielectric 

Imperfect Dielectric 

 
“General Medium” 

 

Good Conductor 

Perfect Conductor ideal limit case 

ideal limit case 

realistic media 

𝝈 → ∞ 

𝝈 → 𝟎 

𝝈 ≫ 

𝝈 ≪ 

NOTE that the classification for a specific material may also vary with frequency 

𝝈 
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Perfect Dielectric 𝝈 → 𝟎 

Propagation Constant 

Medium Impedance 

Phase Velocity 

Wavelength 
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Imperfect Dielectric 𝝈 ≪ 

expand in series and truncate 
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Imperfect Dielectric 𝝈 ≪ 

Medium Impedance 

Phase Velocity Wavelength 
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Imperfect Dielectric 𝝈 ≪ 

When this assumption is verified, with good 
approximation the material behaves like a perfect 
dielectric, except that there is a small attenuation. 

There is no precise rule to quantify exactly when the 
approximation is valid.  A strict rule of thumb for imperfect 
dielectric could be: 

This quantity is usually called “loss tangent” 
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Imperfect Dielectric 𝝈 ≪ 

There imperfect dielectric approximation may still be 
reasonable up to 𝝈 𝝎𝜺 ≤ 𝟎. 𝟏 but the dephasing due to the 
imaginary part of the impedance becomes more noticeable. A 
more stringent approximation is 
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Good Conductor 𝝈 ≫ 
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Good Conductor 𝝈 ≫ 

Medium Impedance 

Phase Velocity 

Wavelength 
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Good Conductor 𝝈 ≫ 

A strict rule of thumb is that approximations for good conductor 
can be applied when 

When this assumption is verified, the attenuation 
constant 𝒂 and the propagation constant 𝜷 are 
approximately equal. 
 
The medium impedance  has nearly equal real and 
imaginary parts, with phase angle 𝝉 ≈ 𝟒𝟓° = 𝝅 𝟒 . 

Therefore, in a good conductor electric and magnetic field have 
always a phase difference 𝝉 ≈ 𝟒𝟓° = 𝝅 𝟒 . 
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Good Conductor 𝝈 ≫ 

For a good conductor, this is called “skin depth”.  In general, 
𝟏/𝜶 can be called “penetration depth” 

In a good conductor the fields attenuate rapidly.  The distance 
over which fields are attenuated by a factor 𝐞𝐱𝐩 −𝟏  is 
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Perfect Conductor 𝝈 → ∞ 

For this ideal material, the attenuation is also infinite and the 
skin depth goes to zero. This means that the electromagnetic 
field must go to zero below the perfect conductor surface. 

“General Medium” 

Following the previously introduced rules, we can define the 
general medium to be in the range: 

In this case, we need to use the complete formulation, since 
approximations would be too inaccurate.   

Of course, this is arbitrary.  The full model is valid for all cases. 
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“General Medium” 

It can be shown that 

Full result for the propagation constant 
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“General Medium” 

Medium Impedance 

Phase Velocity 

Wavelength 
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Example  
 
The intrinsic impedance of the medium is complex as long as 
the conductivity is not zero. The phase angle of the intrinsic 
impedance indicates that electric field and magnetic field are 
out of phase.  
 
Considering the forward wave solutions 
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The time-dependent fields are recovered as: 
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Example: A typical good conductor is copper (Cu), which has 
the following parameters 

What is the skin depth of copper at 30 GHz? 
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Example: Although copper is a good conductor, at what 
frequency it stops being that?  At what frequency does it 
become an imperfect dielectric?  Assume that the conductivity 
is always 5.8107 S/m. 

Conventionally, copper ceases to be a good conductor when  

Copper starts to be an imperfect dielectric when  

X-rays 

Gamma rays 
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Example: Consider sea water, with parameters 

What type of material is sea water at 25 kHz? 

good conductor 
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Summary of the special cases 
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Significance of penetration (skin) depth  

space scale in units of  
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Significance of penetration (skin) depth  

space scale in units of  
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Significance of penetration (skin) depth  

space scale in units of  
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Example – Current in a conductor 
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Current in a conductor 

actual current distribution 
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Current in a conductor 

equivalent uniform current model flowing only in the “skin” layer 
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Example: Poynting vector in imperfect dielectric 

Plane TEM wave at 1 GHz with 𝝈 = 𝟏𝟎−𝟑  𝐒 𝐦   and  𝜺 = 𝟒𝝐𝟎 
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Magnetic field 

𝑒−𝑗𝜏 = cos 𝜏 − 𝑗 sin 𝜏 = 0.9999975 − 𝑗0.00225  

Average Poynting vector 

NOTE “−𝟐𝜶𝒛" 

≈ 𝟏 
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Average Poynting vector 

Even if the medium is an “imperfect dielectric” the wave has lost 
85% of the power over 10 m. This power is transferred to the 
medium due to induced current density corresponding to a term  



48 

Example – Consider now the same 𝐄 field in sea water but at 
frequency of 1kHz.  Sea water has typically 𝝈 = 𝟒𝐒 𝐦  and 
𝜺𝒓 = 𝟖𝟎 to 𝟖𝟏. 

good conductor 
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The expressions of magnetic field and Poynting vector are very 
similar, but now parameters are quite different 

≈ 92% power 
reduction 

lower attenuation at lower frequency but less 
communication bandwidth 
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Penetration depth for sea water at 1 kHz. 

This frequency would be suitable for communications with 
submarines at shallow depths. 
- Band for shallow depth communications is 3 kHz-300 kHz. 
- For deeper communications (up to 100’s of meters) the 3 to 300Hz band 

has been used. US SAGUINE System worked at 76 Hz. Signals are limited to 
a few characters per minute; transmitting antennas (buried in the ground) 
cover very large areas and need enormous power.  This is a one-way 
technology since submarines cannot carry large enough antennas. 

- Acoustic technologies are still being developed, including acoustic (in 
water) and radar (in air) hybrid systems.  


